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Abstract

The aim of this research is to develop a new precise and high-
resolution geoid model for Egypt by refining the Global Geopotential
Models (GGMs) through a process named tailoring, where the existing
spherical harmonic coefficients of geopotential model are fitted to the
Egyptian gravity field by integral formulas using an iterative algorithm to
improve the accuracy of the obtained harmonic coefficients.

The satellite-only model GOCOO05s (complete to degree and order
280) and ultra-high degree geopotential model EGM2008 (complete to
degree and order 2190) have been tailored to the Egyptian 5'<5’ mean
gravity anomalies in order to select the optimal model that can be used for
the reference gravity field for the new geoid model. The results show that
both EG1GOCS5s and EGTMO0818 tailored geopotential models give less
and better residual gravity anomalies, where the EGTMO0818 tailored model
has been improved significantly by about 27% than the EGM2008 model
similarly, the EG1GOCS5s tailored model better than the GOCOO05s model
by about 17%.

Gravimetric and combined (gravity and astrogeodetic data) geoids
solutions for Egypt have been computed using both tailored geopotential
models in the remove-restore technique through Least-squares Collocation
(LSC). The computed geoids are fitted to the GPS/levelling stations. The
results show that no significant variance between the gravimetric and
combined geoids solutions exists. In addition, both combined geoids
solutions are given the same accuracy, where RMS =+ 15 cm.

Finally, a comparison between GPS/levelling stations and both
Norav-.a and Ngrav.s gravimetric geoids computed by using both
EG1GOC5s and EGTMO0818 models, respectively, give nearly the same
external accuracy, where the RMS of the differences £ 13 cm for Ngrav.a
and + 15 cm for Ngrav.s. Therefore, we recommend that both tailored

geopotential models as reliable models for geoid heights over Egypt.
i
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1. INTRODUCTION

1.1 Preamble

Precise geoid determination has been an important research topic in
geodesy and geophysics in the past two decades. A geoid is required to
define a national vertical datum. In addition, geoid models allow
transforming ellipsoidal heights, which are relatively easily determined
from GPS observations, into physical heights, which are associated with
the Earth’s gravity field, without the need for expensive and time-

consuming spirit-leveling (Pinon, 2016).

Nowadays, Global Geopotential Models (GGMs) may be used as a
reference to support the development of more detailed regional/local geoids
or to provide the geoid heights on its own. GGMs are mainly derived from
satellite gravity measurements and/or from a combination of a satellite
model, terrestrial gravimetry, altimeter-derived gravity data in marine

areas, and more recently airborne gravimetry.

The current GGMs may contain long-wavelength errors due to
difficulties in collecting and using global gravity data as well as may be
different estimation techniques were used to compute different spectral
bands of the model (Heck, 1990; Saleh et al. 2013), which in turn affect the

geoid heights obtained from these models.

Moreover, their data density is often heterogeneous, with data gaps in
mountainous regions, dense vegetation and nearshore or sea ice covered
areas, which further degrades the quality of any terrestrially derived gravity
field models (Bolkas et al., 2016), whereas data availability and data

accuracy can only be enhanced by performing additional observations,
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accordingly the resolution of the geopotential models can then be improved

by increasing its maximum degree.

In addition, practical studies had proved that the methods of tailoring
GGMs (modified the geopotential model to fit local gravity data) have
succeeded to upgrade it as a reference model for better regional/local geoid
heights solutions see e.g. (Forsberg & Kearsley, 1990; Amin et al., 2005;
Abd-Elmotaal, 2008).

In Egyptian territory, a large number of researchers are eager to access
to an official precise geoid model for Egypt that agrees with the Egyptian
vertical datum e.g. (Alnaggar, 1986; Shaker et al., 1997b; Nassar et al.,
2000; Abd-Elmotaal, 2015; Al-Krargy, 2016; EI-Ashquer, 2017), more
information about geoid modelling trials and efforts in Egypt see this Web

https://sites.qgoogle.com/site/gomaadawod/geoidofeqypt.

Hence, the aim of this investigation is to develop a new precise and
high-resolution geoid model for Egypt by refining GGMs through a process
named tailoring, where the existing spherical harmonic coefficients of
GGMs are fitted to the Egyptian gravity data for better modelling of the
Egyptian gravity field. This can be made by computing the differences
between local gravity anomalies and those derived from the geopotential
models, then the harmonic analysis of the residual gravity anomalies yields
correction terms that are added to the original spherical coefficients of the

relevant model to give the final modified coefficients of the fitted model.

Several methods of harmonic analysis techniques can be used to
estimate the potential coefficients of the tailored geopotential model to the
local gravity data such as Integral Formulas (Wenzel,1985;
Weber&Zomorrodian,1988); Fast Fourier Transform (Colombo, 1981;
Abd-Elmotaal, 2004); Gauss-Legendre Numerical Integration Technique
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(Abd-Elmotaal et al. 2013); Least-squares Technique (Heck &Seitz 1991);
Least-squares Collocation (Tscherning, 2001); Fast Spherical Collocation
(Sanso” &Tscherning, 2003).

In this thesis, we have used the integral formulas, suggested by Weber
and Zomorrodian (1988), which is based on a previous investigation made
by Wenzel (1985), through an iterative algorithm, to improve the accuracy

of the obtained harmonic coefficients and to decrease the residual field.

In order to achieve the objectives of this thesis, the satellite-only model
GOCOO05s (Mayer et al., 2015) versus ultra-high degree geopotential model
EGM2008 (Pavlis et al., 2012) tailored to gravity data in Egypt, in order to
select the optimal model that can be used for the reference gravity field for

the new Egyptian geoid model.

The first is selected because it signifies unsurpassed satellite-only
models, which is based on complete data of the three gravity field mapping
missions (CHAMP, GRACE, and GOCE), while the second is picked
because it represents one of the best ultra-high degree or resolution model,
and usually used as a reference model to assess other the latest

development geopotential models.

1.2 Previous Studies

GGMs can usually be refined by a process named tailoring, where the
existing spherical harmonic coefficients of GGMs are adjusted, and often
extended to higher degrees, using gravity data that may not necessarily

have been used in the model.

Therefore, many scholars have tried to compute tailored geopotential
models to best suit their specific areas of interest (globally, continental and

regionally over a particular region).
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For example, Wenzel (1998b) has computed a set of tailored geopotential
models for global; Abd-Elmotaal et al. (2015) for Africa; Weber and
Zomorrodian (1988) for Iran; Basi¢ et al. (1990), Kearsley&Forsberg
(1990) and Wenzel (1998a) for Europe; Li and Sideris (1994) for Canada;
Lu et al. (2000) for China.

In addition, in Egypt, more studies have been conducted for tailoring
geopotential models to Egyptian gravity field e.g. (Amin et al., 2003; Abd-
Elmotaal, 2006; Abd-Elbaky, 2011; Abd-Elmotaal, 2014). A brief

summary of some of the previous studies will be provided as follows:

The GPM98A, GPM98B and GPM98C globally tailored
geopotential models have been computed to spherical harmonic degree
1800 (spatial resolution ~11km) and developed by Wenzel (1998b). The
GPM98 models are based on the degree-20 expansion of EGM96 and
global 5’ x 5" mean gravity anomalies collected from surface gravity and
altimetry for about 75% of the earth's surface (the remaining areas being
filled by larger block size values), where integral formulas in an iterative
algorithm (Wenzel, 1985) were applied for the calculation of the higher
degree spherical harmonic coefficients (Torge, 2001, p. 281). However, in
areas where no local gravity data were available, such as Australia, the
GPM98 models provide results that are worse than the degree- 360
expansion of EGM96 (Featherstone & Olliver, 2001). In areas well covered
by high-resolution data, this solution provides a relative geoid accuracy of a
few cm and gravity anomalies accurate to several 10 ums~2 (Torge, 2001,
p. 281).

Abd-Elmotaal et al. (2015) have created high-degree tailored
reference geopotential model EGM2008 for Africa, complete to degree and
order 360 (spatial resolution ~55km), to be used to fill the gravity data

4
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gaps, which are present in the database of the African Geoid Project, before
the geoid computation process. This tailored geopotential model will also
be updated iteratively. The gravity anomalies (topographically-
isostatically) for Africa have been compiled and interpolated to a local
data-grid of 30’ x 30’ resolution. This grid has been merged with a global
grid of EGM2008-based topographically-isostatically reduced gravity
anomalies and used to estimate the potential coefficients of the tailored
reference models for Africa by three different techniques. They are the Fast
Fourier Transform (FFT), the least-squares.and the Gauss numerical
integration techniques. The tailored geopotential models created in this
investigation give smaller residual gravity anomalies for Africa. The
variance and the range decreased by about 50% compared to the original
free air anomalies. The FFT and the Gauss harmonic analysis techniques
give quite similar results, which are very close to the least-squares, derived
potential coefficients. The tailored geopotential models created within this
investigation are more suitable than EGM2008 or recent GRACE/GOCE
derived geopotential models for gravity interpolation considering the large

data gaps appearing in the African gravity database.

The IFE88E2 regionally tailored geopotential model was developed
by Basi¢ et al. (1990). The IFE88E2 model is based on the OSU86F global
geopotential model and has been tailored using only European gravity data
through integral formulas in an iterative algorithm over a region bound by
30°N < ¢ <73°N and 30°W <A <46°E. The maximum spherical harmonic
degree of this model is 360 (spatial resolution ~55km), which is the same
as the global geopotential model upon which it is based. The model
OSUS8G6F has been tailored to Europe using as input data 30" x 30" mean
free-air gravity anomalies from the Institut fir Erdmessung, University of

Hannover, Germany, and Kort-og Matrikelstyrelsen, Denmark. The
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residual of point free-air anomalies relative to OSU86F and IFES88E2 were
evaluated in 1495 points in Scandinavia, where the RMS of the differences
were + 23.4 mGal and + 18.5 mGal respectively. Especially comparisons of
the two models with GPS /levelling data in Europe show an improved
accuracy of the IFE88E2 model. The RMS value of the differences relative
to OSUS86F is = 0.774 m and decreases to + 0.322 m for IFES8E2.

The GPM3E97A, GPM3E97B, and GPM3E97C regionally tailored
geopotential models for Europe also now supersede the IFE88E2 model by
Wenzel (1998a). The respective maximum spherical harmonic degree and
order of these models is 1800, 1080 and 720, which equate to spatial
resolutions of approximately 11km, 18.5km and 28km, respectively. A
variant of the usual tailoring process was used: instead of using gravity
data, quasi-geoid heights from the EGG97 European gravimetric quasi-
geoid model (Denker & Torge 1998) were used to tailor the EGM96 global
geopotential model through integral formulas in an iterative algorithm This
tailoring was applied to a region bound by 25°N < ¢ < 77°N and 35°W <\
< 67.4°E. The EGGY97 quasi-geoid heights were taken from a 5’ x 5’ grid
for GPM3E97A, a 10" x 10" grid for GPM3E97B and a 15" x 15'grid for
GPM3EQ7. The RMS discrepancy between the input data and quasi-geoid
heights computed from GPM3E97A is 0.005rn with 0.295m maximum
discrepancy (these results from the lack of resolution of GPM3E97A
compared to EGG97).The comparison of GPM3E97A with three sets of
high-resolution free-air gravity anomalies has given about half the
discrepancies which were obtained with EGM96. The comparison of
GPM3E97A with GPS/levelling derived height anomalies from three
projects in Germany has given RMS residuals from a three parameter bias
fit of 11 ... 24 cm for EGM96 and 2.3 ... 3.9 cm for GPM3E97A. This is
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only about twice the RMS residuals which have been obtained for the high

resolution regional quasi-geoid determination EGG97

The EGM96EGCT and EGM96EGIT regionally tailored
geopotential models for Egypt were developed by Amin et al. (2003). The
respective maximum spherical harmonic degree and order of both models is
599 and 650, which equates to spatial resolutions of approximately 33km
and 31km, respectively. The EGM96EGCT and EGM96EGIT model are
based on the EGM96 global geopotential model, and have been tailored
using both the least-squares collocation (Tscherning, 2001) and integral
formulas in an iterative algorithm , respectively, over a region bound by
22°N < ¢ < 32°N and 25°E < A < 36°E. The model EGM96 has been
tailored to Egypt using as input a grid 15’ x 15" mean geoid height derived
from GPS/levelling scattered points for EGM96EGCT and a 5’ x 5’ grid for
EGMO96EGIT derived from the same GPS/levelling scattered points. Both
tailored models showed similar improvement in their fitness to the mean

geoid height.

Three different tailored geopotential models for Egypt have been
created by maintaining the lower harmonics till degree 20, 36 and 72 to
their values as of EGM96 model denoted as EGGMO06A, EGGMO06B, and
EGGMO06C, respectively, by Abd-Elmotaal (2006). The tailored
geopotential models EGGMO06 computed to spherical harmonic degree 360.
The local gravity anomalies for the Egyptian data window are gridded in
30" x 30" grid using the remove/restore window technique. The local
gridded data are merged with the global 30" x 30’ gravity anomalies,
computed using EGM96 till N = 360, to establish the data set for
computing the tailored geopotential models EGGMO06. The merged 30" x
30’ global field has been then used to estimate the harmonic coefficients of

the tailored reference models by an FFT technique).The tailored
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geopotential models EGGMO06A, EGGMO06B and EGGMO06C created in
this investigation give better residual gravity anomalies. The variance has
dropped to its one-third. The range has dropped to its one-half. All three
tailored geopotential models developed within the current investigation

give practically the same results.

An ultra-high-degree tailored reference geopotential model for Egypt
called EGTGM2014, complete to degree and order 2160, has been
developed by Abd-Elmotaal (2014), based on the EGM2008 reference
geopotential model. The local gravity anomalies for the Egyptian data
window are gridded, after removing the effect of the topographic-isostatic
masses for the data window as well as the effect of EGM2008 from n = 361
to n = 2160, in 30" x 30" grid using kriging interpolation technique. The
local gridded data are merged with the global 30" x 30’gravity anomalies,
computed using EGM2008 till N = 360 after removing the effect of the
global topographic-isostatic masses using SRTM 30’ x 30" DHM, to
establish the data set for computing the tailored geopotential models. The
merged 30" x 30" global field has been then used to estimate the harmonic
coefficients of the tailored reference model by an FFT technique, till degree
and order 360, using an iterative process to enhance the accuracy of the
obtained harmonic coefficients and to minimize the residual field. The
higher coefficients (from n = 361 to n = 2160) of EGM2008 has then been
restored generating the EGTGM2014 ultra-high-degree tailored
geopotential model complete to degree and order 2160. The tailored
geopotential model created in this investigation gives better residual gravity
anomalies (unbiased and have much less variance). The variance has
dropped by about 35 %. Gravimetric geoids for Egypt have been computed
using both the EGM2008 and the EGTGM2014 tailored geopotential

models in the framework of the window remove-restore technique using the

8
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1D-FFT technique. The computed geoids have been fitted to the
GPS/levelling derived geoid by removing a trend surface. Using the
EGTGM2014 tailored geopotential model improves the external geoid
accuracy by about 20%, and the range of the remaining differences has
dropped by about 22 %.

1.3 Problem Statement

The Egyptian vertical control network carried out from 1906 to 1940, in
order to unify a precise vertical datum for the irrigation system in Egypt.
The Egyptian vertical control does not extant through the whole country; it
is limited to the Nile Valley and the Delta, beside few loops in the Eastern
Desert (Saad, 1993). Currently, the conventional re-surveying vertical
controls are quite impractical since the cost is expensive and time-

consuming.

Nowadays, use of global positioning systems such as GPS, GLONASS,
and upcoming GALILEO systems for surveying has made it possible to
obtain accuracies a few centimeters or less in relative positioning mode.
However, the height obtained from positioning systems is relative to an
ellipsoid. The relationship, which binds the ellipsoidal heights and heights
with respect to a vertical datum established from spirit-leveling (Sanso &
Sideris, 2013, p., 518), is:

HLevellingj =h GPS NModeI (11)

Where h . is the ellipsoidal height, H is the orthometric height and

Levelling

Nuose 1S the geoidal undulation obtained from gravimetric geoid or geoid

model derived from GGMs. In practice, the implementation of Eq. (1.1) is

more complicated due to numerous factors that affect the accuracy of
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orthometric height. Some of these factors include, but are not limited to, the

following:

a)

b)

c)

The ellipsoidal heights may also suffer from errors due to the fact
that most positions are determined differentially, i.e. with respect to a
set of reference points (erroneous identification of the reference
point) as well as instability of reference station monuments over time
due to geodynamic effects and land subsidence. In addition, poorly
modeled GPS errors (e.g., tropospheric refraction).

GGMs may contain systematic effects and distortions primarily
caused by long-wavelength errors due to difficulties in collecting and
using global gravity data as well as may be different estimation
techniques were used to develop these models. In addition, the
absence of the regional/local gravity data from the collected global
data, which further degrades the quality of regional/local geoid
derived from these models.

No official precise geoid model (e.g. gravimetric solution) that

agrees with the Egyptian vertical datum.

1.4 Thesis objectives

The aim of this research is to develop a new precise and high-resolution

geoid model for Egypt by refining the Global Geopotential Models

(GGMs) through a process named tailoring, where the existing spherical

harmonic coefficients of GGMs are fitted to the Egyptian gravity field. The

main objectives of the research include:

a)

To select the optimal GGM to be used for the reference gravity field
for the new geoid model by a comparison between the satellite-only
versus ultra-high degree reference geopotential model tailored to

gravity data in Egypt, using integral formulas.
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b)

1.5

To assess the validation and accuracy of the new geoid model, after
fitting to the Egyptian vertical datum, using an available

GPS/levelling data set over Egypt.

Importance of research

This research is important for the following reasons:

a)

b)

d)

Tailored geopotential models in this research can contribute to the
development of Egypt (e.g. natural resources prospection).

The geoids determined in this research is a significant case study in
high topography regions, such as the southwest corner of Egypt in
particular (e.g. plateau al-Gilf al-Kebir) and the Sinai Peninsula in
particular (e.g. South of Sinai, RAS-GHARIB, and TABA)

The geoids determined in this research agreement with the national
vertical datum in Egypt and are linked to the world geocentric
reference frame (WGS 84). Consequently, these geoids can be used
to save the cost, time and effort of survey works, which are carried
out in many national projects (e.g. conversion of geodetic height
from GNSS measurements to orthometric height above Mean Sea
Level (MSL) without levelling within average accuracy +17 cm).
The remove-compute-restore technique is a well-known method used
in FFT, collocation or Stokes ring integration for computing
gravimetric geoid. Thereby, it is expected that the tailored
geopotential models improve the quality of the gravimetric geoid

generation over the Egyptian territory.

1.6 Research Methodology

Research methodology will be divided into two main stages, harmonic

analysis, and synthesis techniques as well as geoid modeling, in order to

achieve the objectives of this investigation. The main programs used in

research methodology have been found in GRAVSOFT (Forsberg and

11
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Tscherning, 2008; http://cct.gfy.ku.dk/software/pyGravsoft-297.zip). In
general, the methodology is depicted in Fig. (1.1).

| Local (Measure) Gravity Anomalies | | Global Geopotential Model (GGM) |

Computed Differences between

Local Gravity Anomaly and
Those Derived from GGM

|

Computed Correction of Harmonic
Coefficients from Differences Anomaly

'

Added Correction of Harmonic
Coefficients to GGM
Modified /Fitted/ Tailored
Geonotential Model

.
Gravity Field Modeling
Prediction / Compute
Geoid
b

Fit Geoid to Local Vertical Datum
Accuracy Estimates

¢

Final Geoid Model

Figure (1.1): Research Methodology

1.7 Outline and structure of Thesis

This thesis is organized into six chapters. The content of those chapters are

outlined in the following:

Chapter 1 introduces the research topic and briefly describes the history of
trials of tailored global geopotential models to regional/global gravity field

and problem statement. The chapter also states the objectives and
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importance of this research for the Egyptian territory. In addition, the
research methodology and then a hint about each of the following chapters

are summarized.

Chapter 2 explains the fundamental concepts of the earth's gravity field
determination and the gravity potential computation in terms of spherical
harmonics. Moreover, different approaches for reducing the gravity data
from the Earth surface to the geoid are explained. In addition, some of the
statistical methods used for evaluating the Earth’s gravity field models and
vertical reference surfaces are introduced. Furthermore, the elastic
deformations of the Earth caused by the gravitational action of the Moon
and Sun, also known as Earth’s tides, are presented, as well as their
implications in vertical datum definition. Finally, the history of the

Egyptian vertical datum and control network are described.

Chapter 3 describes the basic equation of global spherical harmonic
synthesis (functional of the field) and analysis (coefficients of the global
gravitational model). In addition, the auxiliary relationships to implement
the spherical harmonic analysis and synthesis processes are discussed.
Furthermore, computation procedures for tailoring (improving) global
gravitational model using integral techniques within an iterative algorithm
are present. Finally, the chapter also describes the basic equation of geoid

determination by Least-squares collocation (LSC).

Chapter 4 describes in details each of the datasets and the preparation that
was undertaken on them before they were used in the computation of
tailored Earth geopotential models to gravity data in Egypt for better
modelling of the Egyptian gravity field.

Chapter 5 deals with the results and discussion of the practical part of this

thesis, where the results of tailoring the satellite-only model versus high

13
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degree reference global geopotential model to gravity data in Egypt. In
addition, it presents some of the comparisons between the tailored
geopotential models in order to determine the best fit for them that would
be considered as a reference model for geoid determination for Egypt. The
chapter also presents the validation and the accuracy of the geoid models
derived from spherical harmonic coefficients of tailored geopotential
models. In addition, gravimetric and combined geoids (gravity and
astrogeodetic data) have been computed for Egypt using both tailored
geopotential models in the remove-restore technique using the Least-
squares collocation (LSC) in order to choose the best ones for the

determination of orthometric heights above MSL or geoid heights over

Egypt.

Chapter 6 summarizes the outcomes and lists of conclusions obtained
from the investigation of the results shown in chapter 5, and some

recommendations for further future studies are provided.
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2. THEORETICAL BACKGROUND

2.1 Overview

This chapter presents the theoretical basis and methodology required to
obtain gravity and gravity potential. The gravitational, centrifugal
potentials and Laplace’s equation were described, as well as the potential in
terms of spherical harmonics. Moreover, various gravity reductions,
statistical methods, and vertical datums were discussed in this chapter.
Additionally, Earth’s tides and its relationship with gravity values, geoid
undulations, and ellipsoidal heights were introduced. Finally, the history of
the Egyptian vertical datum and control network along some existing

defects in the vertical datum of Egypt are described.

2.2 Theory of Gravity Field

2.2.1 Gravitational Potential

Newton’s law of universal gravitation (1687) describes the attractive
force (F,) between two particles in the universe with masses of m, and m,
as (Heiskanen & Moritz 1967, p. 1):

F = -G % 2.1)
This force is directed along the line connecting the two points; where G is
the Newton’s gravitational constant that has a value of 6.6742
10711 m3kg~1s~2 (Hofmann-Wellenhof & Moritz, 2005, p.3), | is the
distance between the two particles, m; and m, denotes the mass of

approximately the two particles.
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2.2.2 Centrifugal Potential

Each point on the surface of the Earth rotates around the z-axis at an
angular velocity w and is affected by a centrifugal force (F,) directed
outwards perpendicular to the axis of rotation of the earth as shown in Fig.
(2.1). The centrifugal force (F.) on a unit mass given by (Hofmann-
Wellenhof & Moritz, 2005, p.43):

F = o’p (2.2)

c

Where P is the distance perpendicular to the earth's rotation axis and given
by:
p= X +Y (2.3)

Figure (2.1): Attraction and Centrifugal Force.

The gravity (g) is the force acting on a body at rest on the Earth’s
surface is the result of gravitational force (F,) and the centrifugal force (F,)
of the Earth’s rotation (Heiskanen & Moritz 1967, p. 46).
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Also, the definition of the gravity must include the magnitude and
direction, where the magnitude of g is called gravity in the narrower sense
and the direction of g is the direction perpendicular to the equipotential
surfaces known as plumb line, or the vertical, where the equipotential

surfaces are surfaces of constant scalar potential such as the geoid.

According to Gauss-Listing definition (Gauss, 1828, p.49) geoid is
defined as an equipotential surface of the Earth’s geopotential field which
assumed to coincide with MSL in a least-squares sense. However, MSL is
not an equipotential surface due to numerous meteorological, hydrological,

and oceanographic effects.

2.3 Fundamentals of Potential Theory

2.3.1 Potential Theory

The work done when an object is moved from one point to another is
independent of the path and is equal to V. The potential of gravitation (V) is
given by (Hofmann-Wellenhof and Moritz, 2005, p.5):

Gm
I
When considering the attraction of systems of point masses or solid bodies

V = (2.4)
to one another, as is done in Geodesy, it is easier to deal with the potential
than with the three components of the force (vector). Thus, by splitting up a
larger body into n point masses, m,,m, ... .. m,, , the individual

potentials V; are summed up as (ibid, p.5):

V = Glml +%+.........+Glm“ = GZ% (25)
1 2 n i=L i

According to Heiskanen and Moritz (1967, p. 3), the Earth is composed of
an infinite number of particles (point masses) distributed continuously over

a volume v of the earth with density p which is given by:
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dm
dv
Where dm and dv are the differentials of the mass and volume elements

p = (2.6)
respectively, then the gravitational potential Eq. (2.5) of a solid body like
the Earth, can be calculated by:

dm
V:GmT :G'”V'J‘$dv 2.7)
The definitions above are the exact representation of the potential of
the earth. However, this formulation requires the knowledge of the
density p. Since the mass distribution in the interior of the earth is
definitely not homogeneous, the density can only be approximated. This is

insufficient for the determination of the potential V (Heuberger, 2005).

2.3.2 Laplace's Equation

The potential V of the earth is continuous through the whole space and
vanishes at infinity like 1/1 for | — oo. The first derivatives of V, that is the
force components, are also continued throughout the space, but not so the
second derivatives. At points are where density change discontinuously,
some second derivatives have a discontinuity. The second derivatives can
be written to satisfy Poisson's equation (Hofmann-Wellenhof and Moritz,
2005, p.7):

N NV oV
2 + 2 + 2
o°x 0y 071
Where A is called the Laplace operator, the potential V satisfies Poisson’s

AV = =—-47Gp (2.8)

equation. But, outside the attracted bodies (earth) in empty space, no
masses, the density p is zero and then the potential satisfies Laplace’s

equation, then Eq. (2.8) becomes:

AV = 0 (2.9)
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Hence, the solution of Laplace's equation is harmonic functions. Thus, the
potential of gravitation is a harmonic function outside the attraction masses

but inside the masses satisfies Poisson's equation.

2.3.3 Potential Expressed in terms of Spherical Harmonics

For global problems, the expansion of the gravitational potential V into
spherical harmonics is useful (Torge, 1989, p.28), which is a special
solution of Laplace’s equation Eq. (2.9). In the exterior space, a

representation in terms of spherical coordinates (r,8, 1) is:

r

m=0

v :%{1+Z [ﬂ ' (C,COSMA+ S, sinml) P, (cos0) | (2.10)
n=2

Where r is geocentric radius, @is polar distance, A geodetic longitude, GM
= G (Mygrin + Myt 1S the geocentric gravitational constant referring to
the total mass (Earth’s body plus atmosphere) and a stands for semi major
axis of the earth ellipsoid. The associated Legendre functions (spherical
harmonics functions) B,,,,(cosB) of degree n and order m are given for an
argument t = cosé by differentiating P,,,(t) m times with respect to t as
(Torge, 2001, p.68):

m m

P () =(1-1t%)2 T b (2.12)

The expansion into spherical harmonics thus represents a spectral
decomposition in field structures of wavelength 360°/n (corresponding to a

resolution of 180°/n).

The C, , and S, are spherical harmonics coefficients given by (ibid,

2001, p.70):
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-C =~ Hj( j P.(cosd) dm m=0

Earth

Con Ln—m)! cosmA
{S } M (n+m)l.m.( J cosd) {Sinm,l} dm m#0

nm Earth

(2.12)

Here dm is a mass element and M is the earth's mass.

2.4 Gravity Reductions

The topographical effect is one of the most important components in
the solution of the geodetic Boundary Value Problem (BVP) and should be
treated properly in the determination of a precise geoid. Therefore, gravity
(g) measured on the physical surface of the earth (terrain/topography) is not
directly comparable with normal gravity (y) referring to the surface of the
ellipsoid. A reduction of gravity (g) to sea level (geoid) is necessary. Since
there are masses above sea level, the reduction methods differ depending
on the way how to deal with these topographic masses (Heiskanen &Moritz
1967, p. 126).

Gravity reduction is essentially the same for gravity anomalies (Ag) and
gravity disturbances (6g). The classical solution of the geodetic BVP using
Stokes’s formula to determine the geoid requires the gravity anomalies (Ag)
representing boundary values at the geoid. It should be noted that there are
two conditions, which should be achieved to use Stokes' formula
(Hofrnann-Wellenhof &Moritz, 2005, p. 129). The first condition is that the
gravity (g) must refer to the geoid. The second condition is that there must
be no masses outside the geoid. Hence, the gravity reduction consists of the

following steps:-

a) The topographic masses outside the geoid are removed or

shifted below the geoid.
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b) The gravity station is lowered from the earth's surface (g,) to
the geoid surface (g,,_) as shown in Fig.(2.2).

/ \ op
B, N\
N K N

earth's surface

geoid

Figure (2.2): Gravity Reductions.

Molodensky’s solution is the other fundamental solution to the
geodetic BVP. This modern solution gives the quasi-geoid but not a level
surface (geoid) as in Stokes’s solution. In addition, this approach considers
the Earth’s surface as the boundary reference surface and overcomes the
problem of removing all the topographical masses above the geoid, which
is strictly required by Stokes’s approach. Molodensky’s approach requires
both gravity anomalies and the topographical heights be available at the
same points but does not require the knowledge of the crust density
information. The following sections present some of the gravity reductions

methodologies.

2.4.1 Free-Air Reductions

This method reduces the observed gravity on the physical surface of
the earth into the geoid surface by assuming that no topographic masses
between the surface point (g,) and its projection on the geoid (g, ) see
Fig.(2.3).
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o
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carth's surface
H

h
gpo 20 nd

W= W,

/m“p“ id

Figure (2.3): Free-air Reductions.

For a theoretically correct reduction of gravity to the geoid, we need the
vertical gradient of gravity, the value of gravity on the geoid g, according

to Taylor expansion (Hofrnann-Wellenhof &Moritz, 2005, p. 134), is equal

to:
g
gpo:gp—a—HH ...... (213)
Where H is the height of the point above the geoid (orthometric height) and
g

H Is the vertical gradient of gravity referred to the geoid. Suppose there

are no masses above the geoid, are not taken into account, or that such
masses have been removed beforehand so that this reduction is indeed
carried out in "free-air" and neglecting all terms but the linear one, we

have:

9, =0,+F (2.14)

Where F = —j—g H are free-air reductions to the geoid.

: . . 0 :
For practical purposes, it is sufficient to use a—z (The normal gradient of

gravity referred to the ellipsoid associated with the ellipsoid height h),

. 0 - : :
instead of a_l?l obtaining (Heiskanen &Moritz, 1967, p. 131):
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9
oH
Then, from Fig. (2.3) the free air gravity anomalies (Agf) is given by the
following formula (Heiskanen &Moritz, 1967, p. 293):

Ay =0, — g, (2.16)
Where ), is the normal gravity at point (Q,) on the ellipsoid.

F=- H:—%h =+0.3086h (mGal) , for hin meters (2.15)

Theoretical normal gravity (7q_), the magnitude of the gradient of

the normal potential function U, is given on (at) the surface of the ellipsoid

by the closed formula of Somigliana given by (Torge, 2001, p.106):

- 2 b
Yo =t O i K =20 (2.17)

. e (1—e’sin® p)"? ay,

Where:
a, b = Semi-major and semi-minor axes of the ellipsoid, respectively.

Yes ¥, = Theoretical normal gravity at the equator and poles, respectively.

e’ = square of the first ellipsoidal eccentricity.
¢ = geodetic latitude.

In this study, we used the World Geodetic System 1984 (WGS-84)
derived geometric and physical constants was carried out by National
Imagery and Mapping Agency (NIMA), currently became National
Geospatial-intelligence Agency (NGA), as shown in the Table (2.1).

Table (2.1): WGS 84 Ellipsoid Derived Geometric and Physical Constants.
(NIMA, 2004, Tables 3.3 and 3.4, p.3-7)

Parameters Notation Value Unit
Semi-major axis a 6378137.0 m
Semi-minor AXis b 6356752.3142 m
First Eccentricity Squared e? 0.00669437999014 | unitless
Normal gravity at the equator Ve 9.7803253359 m s~?
Normal gravity at the Poles Ve 9.8321849378 ms~?
Formula Constant K 0.00193185265241 | unitless
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2.4.2 Bouguer Reductions

The purpose of the Bouguer gravity reduction is the complete removal
of the topographic masses, that is, the masses outside the geoid. Assume
the area around the gravity station (P) to be completely flat and horizontal
see Fig. (2.4) and then let the masses between the geoid and the earth's
surface have a constant density (p). Then the attraction (A) of this so-called
Bouguer plate is given by (Hofmann-Wellenhof &Moritz, 2005, p. 135):

A, = 2nGpH (2.18)
Where A, is the attraction of an infinite Bouguer plate at the point (P) on
the surface of the earth, G is the Universal Constant of Gravitation (cf.
Equation 2.1), p is the density of topographic masses and H is the thickness
of the Bouguer plate ( height of the point above the geoid).

B ouguer plate gp Flat earth's surface

H

g'pﬂ gieoid
Figure (2.4): Bouguer Reductions.

The Bouguer correction factors for various densities which are used in the
anomaly computations:

0.11195H , with p=2.67 g.cm™ (land)
0.06889H , with p=1.643 g.cm™® (Salt Water)

where H is elevation in meters
Removing the plate is equivalent to subtracting its attraction Eqg. (2.18)

} [mGal] (2.19)

from the observed gravity. This is called incomplete Bouguer reduction.

Then, the incomplete Bouguer gravity anomalies (Ag,) can be given by

(Heiskanen &Moritz, 1967, p. 131):
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AQy =Ag; — A (2.20)
Note that a truly spherical Bouguer plate can also be used for

calculating the gravity anomalies, we would have 4x instead of 2n (Moritz,
1990, p.235). Because of the area around the computation point is not
completely flat, and then the value of the attraction of masses of Bouguer
plate reduction should be refined by taking into account the deviation of
actual topography from the Bouguer plate as (Hofmann-Wellenhof
&Moritz, 2005, p. 137):

=Ag,—A + Ac (2.21)

Equation (2.21) called complete or refined Bouguer reduction, where A

the classical terrain correction or topographic corrections see Fig. (2.5).

A linear approximation of this correction is presented by Moritz (1968):

_Gp ”(H Ho) 4o (2.22)

Where H is the orthometric helght of the point for which A is calculated,
Hp is the height of a roving point P for integration, do is the infinitesimal

surface element, and | is the planar distance from P (Pinon, 2016).

—. earth's surface

Y g

j//ﬂz l

H-H

B P &\

- e . a 4l Bouguer plate
5 =
¥ o [ H

Hp

geoid

-PH
Figure (2.5): Terrain Correction (Hofmann-Wellenhof & Moritz 2005, p. 136).
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2.4.3 lsostatic Reduction

In the general concept of isostasy, the topographic mass excesses
(mountains) and deficiencies (waters) are compensated by a corresponding
mass distribution in the interior of the Earth (e.g., Torge 2001, p. 339),
where the isostatic theory assumes that there is some kind of mass
deficiency under mountains so that the systematically negative Bouguer
anomalies and may attain large value (Heiskanen & Moritz 1967, p. 133).

There are two main theories about the isostatic compensation
applications, one following the Airy-Heiskanen (AH) model and another
following the Pratt-Hayford (PH) model. These two models are widely
used in applications in geosciences, but the AH model has become a

standard in geodetic research.

A. Airy-Heiskanen Isostatic Model

Airy proposed this model, and Heiskanen gave it a precise
formulation for geodetic purposes and applied it extensively. According to
Sanso and Sideris (2013, p.351), this model the mountains are floating on
some kind of higher density fluid meaning that there is a mass deficit
(roots) below mountains and mass surpluses (anti-roots) below the oceans.
The AH model (Fig. 2.6) is based on the assumptions that the isostatic
compensation is complete and local, the density of the mountains is
constant and equal to (p,= 2.67 gcm™3), the density of Earth’s mantle is
equal to (py,= 3.27 gcm™—3) and the normal crust thickness T, is equal to 30
km (Hofmann-Wellenhof & Moritz, 2005, p.143). Assuming a constant
density of (p,,= 1.027 gcm™—3) for the ocean water, then the condition of
floating equilibrium can be written as (Sanso &Sideris, 2013, p.351) for the

continental cases:
(Pu—po)d = pH (2.23)
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For the oceanic areas:
(Pu = po) d' = (py—p,) H' (2.24)

Where in Eq. (2.23) and Eq. (2.24) d is the thickness of the root, d' is the
thickness of the anti-root, H is the height of the topography and H' is the
height of the ocean, i.e., the depth. Given the above-mentioned density
values for the crust, the mantle and ocean water, Eq. (2.23) and Eq. (2.24)
can be written as (Hofmann-Wellenhof & Moritz, 2005, p.143):

d = 4.45H d’'= 2.73H’ (2.25)
=z po=1.027 g/em’
H / |
g X var geoid
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Figure (2.6): Airy-Heiskanen Isostatic Compensation Model (Sanso
&Sideris, 2013, p.351)

B. Pratt-Hayford Isostatic Model

This system of compensation was outlined by Pratt and put into a
mathematical form by Hayford. The principle is illustrated in Fig. (2.7).
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According to the PH isostatic reduction scheme the topographic masses are
distributed between the compensation surface and sea level. Moreover, the
PH model assumed that the density beneath the compensation level is
constant, while the masses above that level for each column of the cross-
section are equal. Within that reduction scheme, the topographic masses are
removed along with their isostatic compensation so that what remains is a
homogeneous crust layer with constant density and constant depth of

compensation (Sanso &Sideris, 2013, p.349).

6 km
5 km l
4 km l ,r :
l plbatidl ; 3 km
2km - % - I I L p= 1.027 gfem’
l | : 1 1 km — -T
|
) SRR im
'. B e SR
e N T : + t I_ =
I ! |
; ! ! ' l :
§ l I ! I | :
| ! : : I
I [ | 1 1
! l | 1 ' | i
1 | \ . | : I
[ : | | | 1 | [
: I ! ! | I 1 :
| . . i Lo
D=100 km : 2.67 | 2.62 1 257 | 2.54 : 252 ' 264 | 259 | 2.67 1 2.76
I : | : I : i
' | | | | : [
i | 1 1 | i |
1 \ | > | : |
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Figure (2.7): Pratt-Hayford Isostatic Compensation Model (Sanso &Sideris,
2013, p.349)
According to Hofmann-Wellenhof and Moritz (2005, p.141), the

PH isostatic reduction considers that the level of compensation has a
constant and uniform depth D assumed equal to 100 km measured from sea
level. The topographic masses are delineated into columns of the cross-

section with height D that allows lateral changes in density in order to
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obtain isostatic equilibrium. Considering that a normal column (H = 0) has
constant density p, , the continental columns generate densities smaller
than p, while the oceanic columns are denser. The equilibrium conditions
for the continental of a column of height D+H (H representing the height of
the topography) with density p.,,; satisfies the equation (Sansd &Sideris,
2013, p.350):

(D+H) por = Dp, (2.26)

D
A Peont. = Po ~ Peont. = Po m

In the ocean area with density p,...n , the density is increased. It given by

(2.27)

(D=H") ppoean +H' p,, = D p, (2.28)
H!
A = —_ = —_
pocean pocean po (po pw) D_ H,
The topographic isostatic reduction is the difference in the attraction

(2.29)

between the topographic masses (A;) and the compensated masses (A.)
within the depth of the root, where the objective of the topographic-
isostatic reduction of gravity is the regularization of the earth’s crust (trying
to make the earth’s crust as homogeneous as possible). Where A equals
the attraction of Bouguer plate combined with terrain correction (
A=A, — A.) and A is the attraction of the compensation masses given
by Airy-Heiskanen and Pratt-Hayford isostatic model. Finally, the
topographic-isostatically reduced gravity on the geoid becomes (Hofmann-

Wellenhof & Moritz, 2005, p.147):
AQy =A0, — A +A (2.30)

2.4.4 Terrain Effects by Residual Terrain Model

The Residual Terrain Model (RTM) is one of the most common mass
reduction methods used mainly in the quasi-geoid determination (Sanso
&Sideris, 2013, p.366). This reduction method was introduced by Forsberg

(1984), wherein this method the contribution of the topography is removed
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and restored using a model of the topography equal to the difference
between the true topography and a reference elevation surface (smooth
mean elevation surface). Therefore, the topographic masses above this
reference surface are removed and masses fill up the deficits below this
reference surface see Fig. (2.8).

Topography
P Mean elevation surface

Quasigeoid

Ellipsoid

Qo

Figure (2.8): The geometry of the RTM reduction.

The reference elevation surface can be constructed by averaging the
fine (detailed) resolution topography grid, representing elevations of the
area or specially defined through a high-order spherical harmonic
expansion of the topography of the earth, and then low-pass filtering the
average grid generated by taking moving averages of an appropriate

number of adjacent blocks.

According to Forsberg (1984, p. 39), the topographic effect on the
gravity of the RTM reduction is computed as:
AQpm =27Gp(H—H, ) — Arc (2.31)

2.4.5 Molodensky Free-Air Gravity Anomalies

In order to remove all topographic masses outside the geoid, it is

necessary to know the density of the masses above the geoid. In practice
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this involves some kind of an assumption, for instance, putting p=
2.67 g.cm™3. A second assumption is usually made in the free-air
reduction, which is part of the reduction of gravity to the geoid: the actual
free-air gravity gradient is assumed to be equal to the normal gradient (cf.

section 2.4).

These two assumptions falsify our results, at least theoretically
(Heiskanen &Moritz, 1967, p. 290). To avoid this theoretically,
Molodensky proposed approach in 1945, replacement of the Earth’s
surface by the telluroid; and the use of a reference ellipsoid is chosen in
the way that it is a normal equipotential surface and has the same normal
gravity potential value as the geoid surface with respect to the Earth’s
gravity field, i.e. U, = W, (Molodenskii et al.,, 1962). The proposed

solutions to overcome the above assumptions are; splitting the vertical

. .09 .
gradient of gravity F into a normal and an anomalous part as

(Hofrnann-Wellenhof &Moritz, 2005, p. 120):

8_g = @ +8A_g (2.32)
oH oh oh
Due to lack of dense gravity coverage required for computing the actual

vertical gradient of gravity using Eq. (2.32), it is generally approximated by

A
the normal gradient of gravity% , setting the anomalous part aa—hg equal

to zero. Based on this approximation, Eq. (2.13) can be written to second-

order as (Balasubramania, 1994, p. 21):

oA 10 ..,
— o H-—_>H 2.33
I oh 21 oh? (2:33)

According to Heiskanen &Moritz (1967, p.78 and 79), the first and second

9p

o]

derivative of normal gravity can be computed using:
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@ I—Q(l-i- f +m-2fsin®p) (2.34)
oh a
% _ 6y
—~ =— 2.35
oh® a’ (2:39)
Where m is given by (Hofmann-Wellenhof &Moritz, 2006, p.70):
2 2
m= “ab (2.36)
GM

Where f is the flattening, a is the semi-major axis, b is semi-minor axis,
is angular velocity and GM is a geocentric gravitational constant of the
reference ellipsoid.

Substituting the values for the first and second derivative of normal gravity

in Eq. (2.33), we can write the free-air gravity anomaly Eg. (2.16) as:

2
Ag, =0, —Vq |1-2(1+ f +m-2fsin2(p)%+3(%J :l (2.37)

Where Ag_are called the free-air gravity anomaly in the classical approach.

In the Molodensky approach, the gravity anomaly is the difference between
the actual gravity as measured on the ground and the normal gravity on the
telluroid defined as (cf. Figure 2.9):

AQy =0p—7q (2.38)

Where g, is the gravity observed at the surface point P and the ), is the
normal gravity at the corresponding point Q on the telluroid.
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Figure (2.9): The Reference Surfaces and Height Systems.
From Fig.(2.9), the telluroid is an auxiliary surface obtained by the point-
wise projection of points P on the Earth’s surface along the straight-line
ellipsoidal normal to points Q that have the same gravity potential value in
the normal gravity field Uy, as the original points P in the Earth’s gravity
field Wp, ie., Uy = Wp. As such, the telluroid is not an equipotenial
surface without physical meaning coinciding with the ellipsoid on the

oceans.

The normal gravity at the point Q is computed from the normal gravity at

the ellipsoid 7o by the normal free-air reduction using (Hofrnann-
Wellenhof &Moritz, 2005, p. 298):

8yQ° H * 1 82yQo

Vo= Yot Hit 5= H?+... (2.39)
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Where H" is the normal height of the point P. and y, normal gravity

computing using Eq. (2.17).

A direct formula for computing 7, at Q is also given by (ibid, 2005, p.

298) as:
* * 2
., H H

Yo =Yq 1-2(1+ f +m-2fsin (p)?+3 Y (2.40)
From Eqg. (2.38) and Eq. (2.40) we write the Molodensky free-air gravity
anomalies as:

H® L (H"Y
AQy =0p g, 1-2(L+ f +m-2fsin’ ) " +3( a}} (2.41)

In this study, the normal height H " of the gravity station is generally
unavailable, so the orthometric height H is used instead. Table (2.2) show
that the value of quantities appearing in above equation (NIMA, 2004,
Tables 3.1 and 3.4).

Table (2.2): Numerical Values of Some Parameters of WGS 84 Ellipsoid.

Parameters Notation Value Unit
Semi-major axis a 6378137.0 m
Flattening f 0.003352810664745 | unitless
m=w?a?b/GM m 0.003449786506841 | unitless

2.5 Statistical Methods Used For Evaluating Models

2.5.1 Spectral Analysis of Earth's Gravitational Models

Since the main interest in using Earth's gravitational model is in
gravity field determination, it has been decided to validate the product
models in this Thesis, with respect the accuracy they provide in gravity

anomalies.
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The Earth's gravitational model can be expressed in a spherical
harmonic series where the potential coefficients are Com and Sam their

standard deviations are o, and o (errors associated for each coefficient),

respectively, then the signal and error degree variances for each model, per

degree, can be computed.

The signal degree variances (spectral power) represent the amount of
the signal contained (amplitude) in each degree or up to a specific degree,
while the error degree variances represent the error of the model up to a
specific degree. The scaled signal and error degree variances for the various
quantities related to the gravity field can be computed as follows (Vergos at
al., 2006):

a) For gravity anomalies:

GM(-)Y (a2) <& =2 =2
a R m=0
n+l
_(GM(n-1)Y ([ a’ n
gjn(Ag) - ( a j (F r;)(Uénm"'o'sznm) (2.43)
b) For geoid heights:
, _ GM 2 a2 n+l n , )
“on =\ Sa ) \TE) 200+ Tsen) (2.44)

Where GM is the geocentric gravitational constant, R is mean earth radius,
a stands for the scaling factor associated with the coefficients, n, and m are

the degree and order of the harmonic expansion.
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For example, using Eqg. (3.42) and Eq. (3.43) the signal and error
amplitudes in terms of gravity anomaly per degree of the solved-for
spherical harmonic coefficients for the high degree reference model
EGM2008, EGM96 (Lemoine et al., 1998) and the satellite-only gravity
field model GOCOO05s, which are used in this investigation, are shown in
Fig. (2.10). In addition, Fig. (2.11) show gravity anomaly cumulative Root
Mean Square (RMS) and geoid error. The error degree amplitudes are the
formal ones, i.e. resulting from the adjustment. The computations were
carried out using the FORTRAN GRAVSOFT program degv.for (not
shown in Python Launcher).

Signal and error amplitudes degree variances for gravity anomaly

variance mGal®

SN ) AR N S— — S— SRR SRR S— A— e [ane s EGNI2008
: : : : : : : : : : | |== EGM9%
o4 i i i i i i i i i i | [===GOCOo0ss

0 80 120 180 240 300 360 420 480 540 600 660 720
Harmonic degree

Figure (2.10): Signal (thick lines) and error (thin lines) amplitudes per
degree in terms of gravity anomaly for the geopotential harmonic model
EGM2008 (Dotted), EGM96 (Dashed) and GOCOOQ5s (Dash-dot).

From Fig. (2.10) it is concluded that the GOCOO05s model has the
same power as EGM2008 and EGM96 up to its maximum degree of
expansion (n=240). In addition, Its error is smaller than the model EGM96
up to n=240 and EGM2008 up to n=190.
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a) Cumulative gravity anomaly error
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Figure (2.11) Cumulative RMS of Gravity Anomaly and Geoid Error.

Furthermore, from Fig. (2.11a) it can be seen that the satellite-only
model GOCOO05s offers £2 mGal accuracy up to n=240 for anomaly while
it reaches the £5 mGal level at n=280. In addition, the GOCOQ05s more
accurate than EGM96. Moreover, the GOCOO05s more precise than
EGM2008 at n=180, where the RMS decreased from + 1.30 mGal for
EGM2008 to + 0.27 mGal for GOCOOQ5s, which is due to the use of a
longer time-series of CHAMP, GRACE and GOCE data in its
development. Besides, the accuracy of the EGM2008 model is an
improvement from degree n=240 to the maximum degree compared to both
models GOCOO05s and EGM96.

Similarly, from Fig. (2.11b) it can be seen that the GOCOO05s gives
the best geoid accuracies of = 1 cm than both models EGM2008 and
EGM96, up to degree n=180, where EGM2008 and EGM96 give £ 7 cm
and + 31 cm, respectively. From the analysis given so far, the satellite-only
model GOCQOO05s is the best model that is developed from satellite data
alone at n=180, while the best-combined model is EGM2008, where

EGM2008 gives =+ 8 cm at maximum degree.
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2.5.2 Local Empirical Covariance Functions

The empirical covariance functions are great importance for studies of
the earth's gravity field. The performance of the gravity field is reflected in
these functions. The magnitude of the variations and the roughness of the
field are described (Knudsen, 1988, p.1).

This kind of information is important and has to be taken into account
when gravity field related quantities are estimated from a set of
observations. The method of least squares collocation (Moritz, 1980), is
widely used for this purpose. When studies of the gravity field take place in
local areas, the use of high degree Global Geopotential Harmonic Models
(GGMs) is very important. Estimations of gravity field related quantities
are carried out relative to GGMs using the residual gravity field
(observations) and the local empirical covariance function see e.g. (Fashir
& Kadir 1998).

The determination of a local empirical covariance function was
discussed by Goad et al. (1984). They arrived at the following definition of
a local covariance function: "A local covariance function is a special case
of a global covariance function where the information content of
wavelengths longer than the extent of the local area has been removed, and
the information outside, but nearby, the area is assumed to vary in a manner
similar to the information within the area" (Knudsen, 1988, p.1). The
gravity anomaly covariance function for gravity anomalies in two points P
and Q estimation using the following formula as (Sanso &Sideris, 2013,
p.321):

1 M
C(y) = Cov(P,Q) = vl 2 Ag(P) Ag(Q) (2.45)
n=1
Where M is the number of products from the i® an interval Ay of spherical

distance. In a local area, we will implicitly regard all data outside the area
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as having the same statistical characteristics as the data in the area; so that
we may estimate the empirical covariance function by taking an interval of
spherical distance (also denoted the sampling interval size).
—% < y, < l//i+% (2-46)
For the local gravity anomaly covariance functions, there are three essential
parameters (Fashir &Kadir 1998; Amin et al., 2002), these are the

4

covariance (C,), the correlation length (o) and the first crossing zero- point
(y°1) as shown in Fig. (2.12).
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Figure (2.12): Essential parameters of covariance function
a) The covariance (Cy) : This is the value of covariance function C (y)
when the spherical distance (y) between the point P and Q is equal
to zero.

C,=C(y)=C@O) at w=0 (2.47)
The covariance defines the statistical correlation of gravity

anomalies and the average product of the anomalies at constant
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b)

After

distances of 0', 2', 4', etc. For practical purposes, it’s the variance of
the residual gravity anomalies in square mGal at y = 0.
The correlation length (a): This is the value of the argument for

which C (y) has decreased to half of its value at y = 0.

C(a):% c, (2.48)
The correlation length (o) is used to determine the most appropriate
shape of covariance function of the residual field, which
approximates the maximum distance between the correlated data
points.
The first zero-crossing point (°;): In theory, the first zero-
crossing point (y°;) of the empirical covariance function of the
reduced gravity anomalies up to degree N of geopotential harmonic
model should be located at distance by the rule of thumb as
(Arabelos &Tscherning, 2010):

~180°
(2xN)

v, (2.49)

For example: for degree 360 and 2190 of geopotential harmonic
model, the appearance of (°;) located nearly at distances 15.0" and
2.5" minute, respectively. In another word, according to Meissl
(1971), Tscherning (1974) and Rapp (1977a), the first zero-crossing
point represents how many spectral full degrees have been actually
removed from the used harmonic model as follows:
_180°

N =
(v1)

(2.50)

maximal degree Eq. (2.50) the model may not give reliable

information in the area (Tscherning et al., 2001). Equation (2.49) and (2.50)

presupposes that the data should be error-free and reduced to an error-free

gravitational model.
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2.6 Vertical reference surfaces

The choice of the vertical reference surface (vertical datum) is guided
by the choice of height system, i.e. orthometric heights use the geoid;
normal heights the telluroid; normal-orthometric heights the quasi-geoid
and ellipsoidal heights the ellipsoid. In other words, a vertical datum (zero
height surfaces) is a reference surface to which the vertical coordinates of
points are referred. All of these reference surfaces can be defined either
globally or regionally, such that they approximate the entire Earth’s surface
or some specified region, respectively. With no official global vertical
datum definition, most countries or regions today use regional vertical

datums as a local reference height system (Fotopoulos, 2003).

The regional vertical datums are to average sea level observations over
approximately 19 years (or more precisely, ~18.6 years, which corresponds
to the longest tidal component period) for one or more fundamental tide
gauge. This average sea level value is known as mean sea level (MSL) and
the local MSL was assumed to coincide with the geoid (Sanso and Sideris
2013, p., 521).

However, this assumption is clearly false; today it is well known that
differences between the local MSL and the geoid of approximately £2m
can be reached (Rapp, 1995). This difference is caused by the sea dynamics
and other meteorological processes, such as changes in seawater
temperature, salinity, atmospheric pressure, the wind blows, water currents,
etc. (Pugh, 1987), and it is called Sea-Surface Topography (SST) or
Dynamic Ocean Topography (DOT).

2.6.1 Global Vertical Datum

A global vertical datum can be defined as a height reference surface for the

whole Earth, which referred to a unique global equipotential surface (e.g.
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the global geoid). There are several arguments indicating the practical
significance of global vertical datum definition (Heck & Rummel, 1990):-

a) Monitoring sea level changes on various time and space scales will
become an important challenge for geodesy and oceanography in
near future.

b) A globally consistent system of calibration points is required for
future satellite altimetry and gradiometry missions.

c) Providing an alternative to local vertical datums, which may have
systematic biases between the spirit levelling datasets from different
regions and national gravity data centers.

d) Comparison between the results of geodetic levelling and
oceanographic procedures for determining sea surface slopes over
large distances requires a consistent vertical datum system along the
whole coastline segment under consideration.

Another area where a global vertical datum has been deemed necessary is
for global change applications, such as instantaneous sea surface models,
polar ice-cap volume monitoring, post-glacial rebound and land subsidence
studies. These applications require a global view of the Earth with
measurements not only on land but over the oceans as well (Fotopoulos,
2003). An accurate datum connection across the globe requires very
accurate geoid determination over varying wavelengths (depending on the
spatial distance between regional height systems) as well as consistency

between regions.

Other strategies offered for solving the global vertical datum
problem include purely oceanographic approach, the use of satellite
altimetry combined with geostrophic levelling, geodetic boundary value
problem, and satellite positioning (GNSS) combined with gravimetry
(Sanso and Sideris 2013, p., 523).
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2.6.2 Local Vertical Datum

The geoid is a level surface described by the Earth’s gravity field and
there are an infinite number of level surfaces of the Earth’s gravity field,
and therefore, it is required to identify which one will be used as the
vertical reference surface. There are two practical methods to assess the
vertical datum of a levelling network; the first one is defining a constant
value of Earth’s gravity potential, W = W, = constant (abstract option)
and the second one whereby the chosen vertical datum gives a specific
approximation of the MSL surface (Vanicek, 1991, p. 83). Most countries
or regions have chosen the second method to define the height of a
benchmark with respect to the local MSL. According to Sanso and Sideris
(2013), the following steps need to establish the vertical datum of a

levelling network see Fig. (2.13):-

Reference benchmark

%
Earth’s surface ” \ g ——-——-——-———--Y———5-——""5-———"""""""—"—————-“—-=-

Mean sea level

/
)/\mean sea surface topography‘ Geoid

X

Figure (2.13): Establishment of a reference benchmark height (source:
Sanso & Sideris, 2013, p., 521).
a) A tide gauge must continuously record the instantaneous sea level

height observations (H;gy).
b) All the Hyg; values from a certain period of time are averaged in
order to obtain the local MSL (Hpysy).

c) The height of the benchmark is measured with respect to the tide

gauge (AHref—TG)-
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d) The height of the benchmark (H,..) is calculated by:
Href = HMSL +AH ref TG (251)

Levelling begins from this benchmark and reference heights are
accumulated by measuring height differences along levelling lines. The
accuracy of the reference benchmark height derived in this manner is

dependent on the precision of the height difference AH,..._r; and the value

for MSL Hyg; .

For highly accurate heights such as those needed for a cm-level
vertical datum, the tide gauges cannot be assumed to be vertically stable
because land motion at tide gauges is a source of systematic error, which
causes distortion in the height network if it is not corrected for. In other
words, the tide gauge’s observations should be averaged for at least 18.6
years for obtaining the local MSL value, because of the high correlation
between the tides and the Earth’s notation, which requires 18.6 years to
complete a full cycle. However, it should be noted that the effect of the
local SST is not neglected in Eq. (2.51).

It should be noted that due to the fact that many techniques are used
together to define the vertical reference surfaces, it is required that all the
measurements are referred to the same tidal system. The tidal system

concept will be described in the next section.

2.7 Earth Tides

The definition of the vertical datum zero level is also affected by the
phenomenon of Earth tides, which involves of an elastic deformation of the
terrestrial globe caused by the gravitational action of the Moon and Sun
(Melchior, 1974, p. 275). The tidal deformation consists of two parts:
permanent and periodic (Ekman, 1989). The first part is latitude-dependent
(and to a smaller extent in the height), while the second part is time-
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dependent (e.g. diurnal and semi-diurnal variations). There are three

systems for dealing with these permanent tidal effects: (Ekman 1989, Rapp

etal., 1991):-

a) Tide-free (or nontidal) system, where all direct and indirect effects of
the sun and moon are removed.

b) Mean- tide system, where the periodic tidal deformation is removed but
the permanent tidal effects (both direct and indirect) are kept not
removed or, equivalently, this system would exist in the presence of the
sun and the moon.

c) Zero- tide system, where the permanent direct effects of the sun and
moon are removed, but the indirect effect component related to the

elastic deformation of the Earth is retained.

The International Association of Geodesy (IAG) Resolution Number 16
adopted in 1983 at the General Assembly in Hamburg (IAG, 1984) states
that ”the indirect effect due to the permanent yielding of the Earth should
be not removed and the need for the uniform treatment of tidal corrections
for various geodetic quantities such as gravity and station positions”
(Tscherning, 1984). The fundamentals supporting this resolution have not
changed. The zero-tide system is an adequate tide system applicable gravity
field quantities both gravity acceleration and gravity potential of the

rotating and deforming Earth.

However, this endorsement has not been universally adopted. For
example, the definition of the International Gravity Standardization Net
1971 (IGSN71, Morelli et al., 1972) gravity system is in terms of the mean
tide system (Poutanen et al., 1996), while EGM2008 and EGM96 have
been produced in terms of the tide-free system because the majority of the
source data for these appeared to be in terms of that system. Regarding 3-D

positioning, the tide-free approach seems to have entered the 3-D reference
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frames more or less by accident (not by design), through the processing
programs of the observations (VLBI, SLR, GPS), that apparently happened,
although the recommendations of International Earth Rotation and
Reference Systems Service (IERS) processing standards for adopting the
mean (=zero) system (McCarthy & Petit, 2004). The IERS’s
recommendations were strongly opposed by 3-D positioning users since it
would have abruptly changed the coordinates of the stations by at least 10
cm (Makinen &lhde, 2009).
According to Ekman (1989), the treatment of the permanent tides must be
taken into account in the following cases:-

a) Comparison of different height or gravity systems (e.g. two neighbor

countries).

b) Computation of land uplift from two levelling within a country.

c) Study of mean sea level, i.e. SST.

d) Comparison of GPS heights with spirit levelling heights.

e) Computation of geoid heights using Stokes’ formula or other moths.

To do this we need to be able to transform one kind of gravity to another or
one kind of height to another. Equations to transform gravity observations,
height differences, heights above the ellipsoid, and geoid heights between
tidal systems were presented in Ekman (1989). Using the subscripts m, n,
and z to denote the mean-tide, non-tidal or tide-free and zero-tide system
respectively the relations for gravity observations (g) are given by:

0,-9,= —30.4+91.2 sin’¢

g,— 9, =(6-1)(-30.4 +91.2 sin*¢ ) (uGal) (2.52)

g,—0,=6(-30.4+91.2 sino)
Where ¢ is the latitudes of stations and § is the so-called tidal gravimetric

factor usually taken as 1.16.
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In order to transform height differences (AH) between the three tide
systems are given by:
AH_— AH, =296 (sin®@, - sin’ @)
AH, — AH_ =29.6 (y—l)(sinZ(pN - sin’ @) (cm) (2.53)
AH_— AH_=29.6y (sin®q, - sin’@q )

Where @y and @, are the latitudes of the northern and southern stations,

respectively and y notes the direct gravitational attraction usually taken as

0.68.

To transform a GPS height (h) of the non-tidal crust to a GPS height of the

zero (=mean) crust we should add as (Kotsakis et al., 2012):
h,=h_=h_ +k*(9.9- 29.6 sin’¢) (cm) (2.54)

Where k* is the conventional (second-degree) Love number that is

approximately equal to 0.62 (Ekman, 1989).

Finally, the tidal relationships between geoid undulations (N) are the
following:
N_—N,=(9.9- 29.6sin’¢)
N, - N_=k(9.9- 29.6sin’¢) (cm) (2.55)
N, — N, =(1+k)(9.9- 29.6sin*¢)
Where k the potential Love number is usually taken as 0.3 (Melchior, 1983).

2.8 History of the Egyptian Vertical Datum and Control Networks
2.8.1 The Egyptian Vertical Datum

The vertical datum of the precise levelling network in Egypt has
been set as MSL at Alexandria harbor. It was taken as the mean between
the daily readings of high and low water level during the years 1898 to

1906. These were the only available recorded observations when the survey
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department undertook the levelling in 1906 (Cole, 1939). According to the
permanent tide considerations (cf. section 2.7), the vertical datum of Egypt
IS @ mean- tide system.

An investigation has been carried out to study the variation of MSL
at Alexandria in relation to the meteorological elements, namely wind
speed and pressure. This study used real data of monthly average water
level from 1962 to 1966, and the results show that an increase of 11.2 cm
was detected in the definition of the vertical datum of Egypt (Sharaf EI-Din
& Rifat, 1968). Recently, from 1944 to 2003 the mean sea level at
Alexandria MSL is 11.6 cm over the 1906 old definition of MSL
(Mohamed, H.F., 2005).

2.8.2 The First-order vertical Networks in Egypt

The Egyptian vertical control networks do not extant through the
whole country; it is limited to the Nile Valley and the Delta, beside few
loops in the Eastern Desert Fig. (2.14). The first-order network of precise
levelling in Egypt was carried out by the Survey Authority of Egypt in the
years of 1906 to 1912 in order to establish the fundamental benchmarks
over the whole country, so that the irrigation department's engineers could
control systems of levels and refer them to a single standard datum (Cole,
1939). The reference datum adopted by Survey of Egypt was mean sea
level at Alexandria harbor. A network of eleven closed loops covering the
whole area of the delta, and two single lines joining this network to
Alexandria and Suez have been established, too. By 1936 the whole delta
has not only been re-observed, but many new lines have been added too,
forming a new network of 32 closed loops. Hence, the leveling lines have
reached Wadi-Halfa, the southern boundary of Egypt (Cole, 1944).
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Figure (2.14): The First-order Levelling Network in Egypt (Saad, A., 1993).

2.8.3 Defects in the Vertical Datum of Egypt
Based on the previous sections, it can be concluded that there exist several

shortages in the vertical datum of Egypt (Saad, A., 1993; Mohamed, H.F.,
2005) such as:-

a) The first remarkable problem is that the vertical datum of Egypt has
been established on the determination of MSL from only one tide
gauge (not a physical measurement).

b) The determination of MSL has been carried out using the method of
averaging daily high and low water level for eight years. This

technique is not the optimum method for such a determination.
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c) The effects of meteorological quantities on the recorded sea level
readings have not been taken into account.

d) The MSL has been assumed to be coinciding with the geoid surface,
which is not true as long as the Sea Surface Topography (SST) has
not been considered.

Thus, these shortcomings will significantly affect the accuracy of the
vertical control network in Egypt. In addition, the systematic and random

errors in differential levelling.

For Example, according to Nassar et al. (1997); the deviation of the
MSL from the geoid is approximately £1.0 m (SST), which implies that in
geodetic practice this does not cause problems because height differences
are the quantity of interest. However, in oceanography, the absolute heights

are very important.

However, various investigations have been performed to study these
defects and propose solutions to overcome them see e.g. (Nassar, 1981;
Shaker, 1990; Saad, A., 1993; El-Shazly, 1995 and Mohamed, H.F., 2005).
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3. SPHERICAL HARMONIC ANALYSIS AND SYNTHESIS

3.1 Overview

This chapter introduced the theory and procedures required for tailor
process. In addition, the basic equations of global spherical harmonic
synthesis and analysis and their auxiliary relationships were presented.
Moreover, the procedure for improving global gravitational model using
integral techniques within an iterative algorithm is described. Finally, the
chapter also describes the basic equation of geoid determination by 3D

Least-squares collocation (LSC).

3.2 Basic Equations

The actual gravitational potential V in spherical harmonic is given by
(Rapp, 1982, p.1):

_oum
r

Vv {1+Z [%} Z(Enmcosm/1+3'nmsinm/1) P._ (sing) (3.1)

n=2 m=0

Where GM is the geocentric gravitational constant, r is geocentric radius, a
stands for the scaling factor associated with the coefficients, 4 geodetic
longitude, @ is the geocentric latitude, n and m are the maximum degree
and order of the harmonic expansion, Cnm and Sam are the fully

normalized geopotential ~coefficients, and P, (sin@) denotes the

associated fully normalized Legendre functions.

The disturbing potential quantities (T) is equal to differences
between the actual potential (V) and the normal potential (U) at the same
point, the normal potential computes on the surface of the ellipsoid. The

disturbing potential quantities can be expressed as (ibid., p. 1):
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T(r,p,A)=V(r,o,A)- U(r,p,1) (3.2
The normal gravitational potential of the mean earth's ellipsoid, given by
(Torge, 1989, p. 37):

U :%{ui [ﬂnéﬁoﬁnm (singz)} (3.3)
2
The parameters GM _are the mass of the reference ellipsoid and C !, denote
as the fully normalized harmonic coefficients implied by the reference
equipotential ellipsoid. Because of the symmetry features postulated in the
mean earth's ellipsoid, only even zonal spherical harmonics E;W
(Heiskanen & Moritz, 1967, p.72) appear in Eq. (3.3). The even degree
zonal harmonic coefficients very quickly converge toward zero, so that Eq.
(3.3) may normally be truncated after n = 6.
The disturbing potential can be expressed in spherical harmonic
expansion by inserting Eq. (3.1) and Eq. (3.3) into Eq.(3.2) as (Rapp, 1982,
p.2):

T (rp)= MO,
r

@{i {ﬂ S (C o COSML + Sam sinmi) P, (sinG ) | (3.4)
n=2 m=0
Where C is the difference between the actual coefficients Com and those

implied by the reference equipotential ellipsoid, C !, one may write the

following relation forC :
E*no == Eno - Euno |f m= 0
(3.5)

E*no ZEnm |f m¢0
This difference is computed to correct the zonal coefficients of the

spherical harmonic gravity.
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Also, in most cases, we assume GM is equal to GM_ so that Eq. (3.4)

becomes:

T(r,@,4) =¥{Z {E} Z(Z’*nmcosm/l+§nmsinm/1) P. (sing) (3.6)

n=2 r m=0
3.3 Spherical Harmonic Analysis and Synthesis Techniques

Spherical harmonic analysis and synthesis processes have been
revolutionized the development and use of very high-degree Global
Gravitational Model (GGM), which is a mathematical approximation to the

external gravitational potential of an attracting body.

3.3.1 Global Spherical Harmonic Synthesis

Global Spherical Harmonic Synthesis (GSHS) is the computation of
the numerical values of various quantities related to GGM (functionals of
the field), given the position of the evaluation point, such height anomalies,

gravity anomalies, deflections of the vertical....etc.

In this thesis, the gravity anomaly (Ag) is used, which is can be expressed
as (Rapp, 1982, p.4):

Ag(r,p,A)= ar +1@T(r,g5,/1) (3.7)
o yor

Where v is the normal gravity on the surface of the ellipsoid described in
section (2.4.1), using the spherical approximation, we may write as
(Hofmann-Wellenhof &Moritz, 2005, p. 96):

1oy _ 2 (3.8)
y Or r
Then Eq. (3.7) becomes:
_ or 2 _
Ag(rp,2)=— a —FT(’”,(OJ/U (3.9)

Inserting Eq. (3.6) into Eqg. (3.9), the expression for the gravity anomaly

(Ag) becomes in spherical harmonics:
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Ag (1.0 ) :Gr'Z" {i(n—l)[%} > (Comcosmi+Sumsinmi.) By, (sin) | (3.10)
n=2

m=0

The height anomaly and quasi-geoid height are the same, where the
height anomaly ( L ) is the distance (measured along the straight-line
ellipsoidal normal) between the Earth’s surface and the telluroid and the
quasi-geoid height (£ ) is the separation between the ellipsoid and the
quasi-geoid (cf. Figure 2.7). The quasi-geoid is a non-equipotential surface
of the Earth’s gravity field and thus has no physical meaning. The height
anomaly or quasi-geoid height can be given by the generalized Bruns
formula (Bruns, 1878) defined by (Heiskanen & Moritz, 1967, p.293):

_ T(r,p,A
¢ (ripi)= 24 ;” / (3.11)
Inserting Eq. (3.6) into Eq. (3.11) gives:
_ GM|& [a]' & = = =
C(r,p, ) ——[Z [—} Z(C nm COS MA+ Samsinml.) P, . (sing) (3.12)
r n=2 r m=0

Where vy is the normal gravity on the surface of the ellipsoid, the geoid
height or usually called geoid undulation is the separation between the

reference ellipsoid and the geoid (cf. Figure 2.7)

The geoid height can be given by rewritten formula Eq. (3.11) to
become:
T(9.4)

N (@,4)=

Here, the anomalous potential T evaluated inside masses at sea level (where

(3.13)

r = 0). However, inside the topography T is a non-harmonic function, so N
is different from {, vice versa in Eq. (3.11). Quasi-geoid coincides
reasonably closely with the geoid; up to about 3.4 m in the Himalayas
Mountains (Rapp, 1997).
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The basic formula for conversion of the height anomaly ({) to the
geoid height (N) is the well-known equation (Heiskanen & Moritz 1967, p.
326). Conventionally, the height h above the ellipsoid is given by (cf.
Figure 2.7).

h = H+N (3.14)
According to the Molodensky approach (cf. section 2.4.5), the ellipsoid

height given by;

h =H+ (3.15)
From these two equations we get:
N-{= H -H (3.16)

This means that the difference between the geoid height N and the height
anomaly ( is equal to the difference between the normal height H* and the
orthometric height H. Since ( is also the undulation of the quasi-geoid, this
difference is also the distance between geoid and quasi-geoid. The normal
height and orthometric height are defined by:
H=2, W=
g 7
Where C is the geopotential number, g is the mean gravity along the plumb

(3.17)

line between geoid and earth’s surface, and y is the mean normal gravity
along the normal plumb line between ellipsoid and telluroid. By

eliminating C between these two equations, we readily find:

H -H =9=7 {4 (3.18)
e
This is also the distance between the geoid and the quasi-geoid:
N =+ @ H (3.19)
Y

The term g — ¥ is approximately equal to the Bouguer anomaly (Hofmann-
Wellenhof and Moritz, 2005, p.326); then geoid height or geoid undulation
(N) becomes:
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N (7.4)= ¢ (rpi)+28 g (3.20)
e
Where Ag, are the Bouguer anomaly described in section (2.4.2), and H is

the orthometric height

3.3.2 Global Spherical Harmonic Analysis

Global Spherical Harmonic Analysis (GSHA) is extracted the
gravitational information from the analysis of the terrestrial data and
perturbations of a low Earth orbiter, in a fashion similar to other existing
satellite missions. In another word, GSHA seeks the contrary of GSHS,
where the function of the field (Synthesis) itself is known from
measurements such as gravity anomalies, while the needed quantities are
the coefficients of Global Gravitational Model (GGM).

In this thesis, we will use Integral Techniques for harmonic analysis,
where the quadrature procedure for estimating spherical harmonic
coefficients may be computed from gravity anomalies Eq. (3.10) by
employing the orthogonality relationships for fully normalized spherical

harmonic functions as (Torge, 1989, p. 44):

Com 1 2 (r) 1 cosmi] —
— (= - Ag(r,0,4) < . P, (cosd) d 3.21
{snm} Ar ”ff GM (aj n—-1 9 ) {smmi} ( ) do - (321)

Where 6 is a unit sphere and do is surface area element and & polar

distance, can simply be expressed in terms of the geocentric latitude @ as
(Torge, 2001, p. 33):

0=90° - ¢ (3.22)
The application of Eq. (3.21) requires that the gravity anomaly is given
continuously over the surface of the sphere, which is unfortunately not the
case for any real data set. We will discuss in detail later how it is used Eqg.
(3.21) in order to achieve the objectives of this investigation (cf. section
3.5).
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3.4 Auxiliary Relationships

To implement the equations discussed in the previous section a number of

additional quantities are needed. These are now discussed.

3.4.1 The Reference Potential Coefficients

To implement the basic equations in Eq. (3.1) till Eg. (3.15), the
initial computations hypothesis is that the origin of the coordinates system,
I.e. the centre of the reference ellipsoid, coincides with the centre of the
gravity of the Earth, i.e. the geocentre, and the mass of the reference
ellipsoid is considered to be equal to the mass of the Earth, in this way the

zero and first order spherical harmonic coefficients are all zero.

We used the values of the Geodetic Reference System 1984 (WGS-84) to
define an equipotential reference ellipsoid (NIMA, 2004, Tables 3.1, p.3-5)
as shown in the Table (3.1).

Table (3.1): WGS-84 Four Defining Parameters.

Parameters Notation Value Unit
Semi-major axis a 6378137.0 m
Reciprocal of Flattening 1/f 298.257223563 | unitless
Angular velocity o 7292115.0 x 101 | rad/sec
Geocentric gravitational constant GM |3.986004418 x 101* | m3s™2

3.4.2 Permanent Tide System of Harmonic Coefficients

The potential field and the normal potential field can be defined
under three different permanent tide systems (cf. section 2.7), it is
mandatory that they refer to the same permanent tide system in order to
compute geoid undulations through the generalized Bruns equation (Smith,
1998). In addition, In order to compare different harmonic coefficient, it is
mandatory that they refer to the same permanent tide system. The effect of

changing a permanent tide system is seen only in the second-degree zonal
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coefficient C.o (geopotential model) term or C ., (normal potential field).
Conversion between different permanent tide systems involves according to

the following equation (Losch & Seufer, 2003):

C{eanti) — Ceerotde) _1 390108 (3.23)

20
Cz(’gnean tide) _ Cz(}i)de free) 1.807 x 10—8 (324)

Equations (3.23) and (3.24) also agree with the results found in (Melbourne
et al, 1983).

3.4.3 The Degree Zonal Coefficients of Reference Potential

The degree zonal harmonics of the equipotential earth's ellipsoid J, are

explicitly defined (Rapp, 1982, p. 7):

2 fo m, 2f 11f°

’ 25{”1‘5"5(1‘7* 28 )}
Af - f f 2f
4f°

‘JG = E (6f —5m)
Here m is given by (Torge, 1980, p. 58):
o' a(1-f) (3.26)

GM
The degree zonal harmonic coefficients J, are related to the fully

m =

normalized coefficients of the reference ellipsoid C" through the following
relationship (Rapp, 1982, P. 7):

J,

Cu=
2n+1

(3.27)
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3.4.4 The Geocentric Radius and Latitude

The geocentric radius r can easily be expressed by:

r=¢+y +x° (3.28)
Where X, y, and z are the Geodetic Cartesian Coordinates given by (Rapp,
1981, p.47):

X (p +h) cose cos A
y| =1 (p+h)cosesini (3.29)
z [p(l—ez)—i-h] sing
Where p is the radius of curvature in the prime vertical plane, given by:
B a
(1—e’sin® p)"°
Here h stands for the ellipsoidal height, ¢ is the geodetic latitude (should be

(3.30)

p

with respect to an ellipsoid, whose center is at the center of mass of the

earth) and e is the first eccentricity of the ellipsoid.

The geocentric latitude @, given by (Rapp, 1982, p.8):

z

3.4.5 The Fully Normalized Associated Legendre Functions

g =tan™’ (3.31)

The fully normalized associated Legendre functions (ALFs), denotes

as P _ is critical to any calculation involving spherical harmonic

nm
expansions. ALFs can be computed from the conventional associated

Legendre functions, denote as, P, by (Torge, 1991, p.26):

B (cosh)= Jk(zn Uil Ly k{l for m=0""" 33
(n+m)!

2 for m=0
We should be using one of an algorithm, which achieves the speed

and the stability and accuracy of the procedure. These can be found in, for
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example, Holmes and Featherstone (2002), Colombo (1981) and Paul
(1978).

Here, we reproduce one method from Colombo (1981) according to
(Rapp, 1982, p.9 -10) as Abd-Elbaky (2011). For convenience; the fully
normalized associated Legendre functions are computed as a lower
triangular matrix where the rows correspond to degree n and the columns
correspond to order m.

Firstly, some elements are computed:

P, (cosd) =1 (3.33)
P, (cosd) = \/3cosd (3.34)
P, (cos8) = \/3sin@ (3.35)

Then, the diagonal elements corresponding to the diagonal passing through

the n = m location. We have:

ISn,n (cos0) = 2n+1

sin P, (cosb)

I:)0,0
P,

sUl
I

P, (3.36)

P

nn _j

Then the foIIovx_/ing element is computed:

P...,(cosd) = \2n+3 cos® P, (coso)

0

0

el
[

5 Ul
I
. : I\)Ul

, (3.37)

o

5 Ul

n,n-1
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With n = m. Then the following recursive relationship is used to calculate

the remaining valuesof P, n>2 , (n—-2)>m>0.

@n-h@n+l) oy P, . (cos)

P, . (coso) = \/

(n=m)(n+m)
_(@n+)(n+m-1)(n-m-1) P, (cos) (3.38)
(2n—3)(n+m)(n —m) |
2 ‘
Po Pu
B — Pz,o I32,1 Pz 2

Y P3,0 I:)3,1 ' .

ISn 0 ISn,n—2 ISn,n—l Isn,n

3.4.6 The Calculation of Laplace Surface Harmonic Functions

The generation of cosm/ and sinml is done through the following
recursion relationships:

cosmi=2cos Acos(m—1)L—cos(m—2)A
(3.39)

sinmA=2cos Asin(m—1)A—sin(m—2)A

3.5 Procedure for Improving Global Gravitational Model

After describing the basic equations, we will now discuss in more
details the approach of improving a geopotential model using additional
gravity data, this process named tailoring. Originally, the approach goes
back to an investigation in Kaula (1966), Rapp (1967) and has been further
studied by Wenzel (1985).
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In this study, we have used the integral formulas for harmonic
analysis computation suggested by Weber and Zomorrodian (1988), which
Is based on a previous investigation made by Wenzel (1985) and refined by
Basi¢ (1990) and Kearsley and Forsberg (1990), through an iterative
algorithm, to improve the accuracy of the obtained harmonic coefficients

and to decrease the residual field

The basic assumption is that; the additional data have not been used
in the development of the geopotential model. The main idea is then to add
small correction terms to the original spherical harmonic coefficients to get

the new harmonic coefficients (tailored geopotential model) such as

(_:n m En m 86n m
_ = _ + - (3.40)
S M J Tailored Model S nm Original Model 68 M J Corrections

We will rewrite Weber and Zommorrodian (1988) technique in the

following steps:-

STEP 0: Start C'am and S'nn fully normalized spherical harmonic

coefficients of start geopotential coefficients (actual model).
STEP 1: A mean gravity anomaly can be computed from the actual model
(start model) as follows (Rapp, 1977b):

Ag' = GI;/I > (n-1) {E} ﬁ’nZ(C_"nmcosmi+§'nmsinml)m(cosﬁ) (3.41)
r = r

Where g are the Pellinen smoothing functions and can be viewed as a de-

m=0

smoothing operator that tries to take into account that frequencies are

damped out by taking the average to obtain the mean anomaly. The

function can be computed using the following expression:

: \/1* [Ra(cosy, ) = P, (cosy, )] (3.42)

- 1-cosy, \2n+1

n
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Where y is the radius of a spherical cap with the same size as the area of
integration. A recurrence procedure for the computation of the g can be

found in Sj6berg (1980).

STEP 2: Comparing the mean gravity anomalies derived from the start
model Eqg. (3.41) with mean gravity anomalies (E ), derived from local

gravity data, yields differences:

oA = Ag — AQ’ (3.43)

STEP 3: The differences gravity anomalies Eq. (3.43) can be expanded in

spherical harmonics as Eq. (3.21), yields correction as follows:
oC! ., 2 ! cosmi| -
Bl G (ij L sag P _(cosd) do (3.44)
5SS cGM \a) B, (n-1) sinmA

= Note that: in the local area the mean gravity anomalies values given

over small parts of the sphere bounded by meridians A= constant and
parallels 6 = constant, outside this boundaries, mean values is equal
to zero, then the numerical evaluation of Eq. (3.44) with respect to a

limited number of surface elements Ac of the unit sphere; becomes:

OCh|_ 1 & (Y
ol S L (e o oo

Where k is the number of differences occurring between model and
terrestrial anomalies, and a splitting of the integral extended over the area

of integration Ac :

S

j J‘M {cosmi} - (cosO) do = 'Ef{c_osm}di j P _(cosf)sinfdd (3.46)

sinmA sinmAi

Where 6y ,05 , Ay and Ag are the boundarles of the integration area.
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STEP 4: Coefficients of the modified potential model (tailored

geopotential model) are consequently defined using Eqg. (3.40) through:

C?nm C_:'nm 0 CI;ITI
_ = _ + : (3.47)
S MM J Tailored Model S MM J Original Model 0 Snm Corrections

STEP 5: Again, mean anomalies from tailored geopotential model can be

evaluated in analogy to (3.41):

Gr'l/' > (n-1) [ﬂ B> (C'omcosmi+S"am sinml) Py, (cos@) (3.48)
n=2 m=0

STEP 6: Then the differences gravity anomalies may once again be formed

Ay =

as defined in analogy to Eq. (3.41):

0Ag" = Ag - Ag” (3.49)
However, due to the limited degree of the expansion Eg. (3.48) and due to
the approximation through Eq. (3.42), the differences Eq. (3.49) do not
vanish completely.
STEP 7: Repeat the steps 3, 4, 5 and 6 until two successive iteration steps
give practically the same harmonic coefficients, or alternatively, no
practical change in the residual field between two successive iteration steps
happens.

Newly, a huge amount of global gravity field data is available. This
has improved the resolution of the developed earth global geopotential
models (GGMs), where each gravitational observable gives a normal
equation in terms of the unknown geopotential coefficients (Abd-Elbaky,
2011).

Thus, a huge system of normal equations is formed, which needs a

special technique. Since the early 1980s several methods of harmonic
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analysis techniques can be used to estimate the potential coefficients of the
geopotential models such as; Colombo (1981) has introduced an effective
and fast technique for the harmonic analysis of complete grids of a single
data type using Fast Fourier Transform (FFT) and has written two
subroutines for harmonic analysis and synthesis, called HARMIN and
SSYNTH, referring to a surface of the sphere.

In addition, Tscherning (2001) has presented a method for estimation
of spherical harmonic coefficients of the (anomalous) gravity potential
from various kinds of gravity field data by using Least-squares collocation
(LSC), applied in program GEOCOL. As it is known that LSC requires that
as many equations as the number of observations are solved. However, the
computational effort may be dramatically reduced if the data are associated
with points located equi-distantly on parallels. An implementation of LSC,
which takes advantage of this property, is called Fast Spherical Collocation
(FSC) (Sanso’ & Tscherning, 2003), implemented in program SPHGRIC.

Finally, Abd-Elmotaal (2004) presented a modified technique which
used Colombo's (1981) technique with iterative and scaling process for the
harmonic analysis of data on the surface of both the sphere and on the
ellipsoid. The main idea of this technique, implemented in the HRCOFITR
program, is performed using Colombo’s main subroutines HARMIN and

SSYNTH.

3.6 Geoid Determination by Least-Squares Collocation

3.6.1 Basic Equation for Least-Squares Collocation

The basic equations for the application of LSC for the geoid
computation were given in Tscherning (2002), Sadig, M. et al (2009) and
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Tscherning (2013). In addition, the theoretical background is described in
full detail by Moritz (1980).

The basic observation equation for LSC is:

v, =L, (T )+e +ATX (3.50)

Where y; a vector of n observations, L; is a vector of any linear functional
associating anomalous potential (T) with the observation (cf. section 3.3),
e; is a vector of errors, X is an m-vector of parameters such as bias (N,) or
datum-shift (AX, AY, and AZ), and AT is a n x m matrix relating the n
observations and the m-vector of parameters (partial differential between

observations and parameters).

For example of linear functional associating anomalous potential (T)
see Eg. (3.7). The estimate functions of local approximation of the
anomalous potential T, . are then equal to the constants multiplied by the
covariance between the observations and the value of the anomalous

potential in a point, P:

TLSC(P):i b cov.(T(p),L,) (3.51)

The constants (b;) are computed by solving one or two system of normal

equations:
-1 —-1
(b) ={cov(L,L))+a;} {n}=C .y (3.52)
Where cov (L;, Lj) = C;; are the covariance between two quantities, o;; is

the variance-covariances of the errors and C are the variance covariance of

the observations equal to nxn matrix, cov,(T(P),L; ) = Cp; is the

covariance between the i-th observation and the value of T in a point P.
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In case also parameters X have to be estimated, then an estimate of

T,sc and of the (M) parameters are obtained by:
Tic(P)={Cn} C {y-A" X} (3.53)

—_ -1 —
X:(AT C 1A+W) (AT C 1y) (3.54)

Where W is the a-priori weight matrix for the parameters (generally the

zero matrices). The mean square error of the parameter vector becomes:

. -1
m? =(AT C 1A+W) (3.55)
The associated error estimates of an estimated quantity L (T):
m; =07 —H {cov(L,L)} + HAm; (HA)' (3.56)
H = {cov(L,,L,))} C° (3.57)

Where o7 = cov(L,L) the square norm (or variance) of a functional L

Finally, the properties of the general solution expressed by Eq. (3.51), Eq.
(3.53) and Eq. (3.54) can be summarized as the following (Moritz, 1980):-
a) The result is independent of the number of the signal quantities to be
estimated.
b) Both observed and estimated quantities can be heterogeneous,
provided that all required covariances are known.
c) The method is invariant with respect to linear transformation of the
data or of the results.
d) The solution is optimal in the sense that it gives most accurate results

obtainable on the basis of the given data.

3.6.2 Covariance Function Estimation and Representation.

In order to perform LSC, we should have been a model of covariance

function to the success for application of LSC. An often used approach is to
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compute empirical covariances (cf. section 2.5.2). Subsequently, these

values might be fitted to a pre-selected model covariance functions.

The well-known Tscherning-Rapp (1974, p. 29) covariance function
model was used for the above LSC solutions, where the required auto and
cross-covariance functions were computed as follows (Tscherning, 2013):

— i+l
$ erry2 R2
Cov (W’FP’VQ) :aZ(Ui ) {Fj R (COSWPQ)
i=2

P Q

© A Ré i+l
+i=%—l(i -1) (i-2) (i+B) (rPrQ) R (Cosyrg) (3.58)

Where P and Q are two points having a spherical distance yp, and
rp,roare the geocentric radial distances of points P and Q, a is a scale
factor, of™" are the error degree variances (cf. section 2.5.1), R is the mean
radius of the earth, P; are the Legendre polynomials, A is a constant in
units of (m/s)*, Ry is the radius of the Bjerhammar-sphere and B an
integer number. If a spherical harmonic series expansion (EGM) is used as
in this study, B is typically put equal to a small number like 4, while in the
original work it was put equal to 24 (ibid., 2013), so that the low-degree

degree-variances could be modelled appropriately.
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4. DATA PREPARATION

4.1 Overview

In this chapter, the necessary data will be described and prepared to
realize the geopotential model that would be considered as reference for
precise gravity field modeling in Egypt. This has been done by improving

geopotential models for gravity field in Egypt using tailor process.

The datasets include the satellite-only model GOCOO05s, high degree
reference model EGM2008, and older reference model EGM96. In
addition, Digital Terrain Model DTMZ2006.0, available gravity data,
GPS/levelling surveys projects and deflections of the vertical data in Egypt.
Moreover, the main programs used for the harmonic analysis and synthesis

are described.

Furthermore, Molodensky free-air gravity anomalies defined on the
Earth’s surface are provided and then the EGM96 is used to detect the
gross errors that exist in these anomalies. The chapter also shows the
methodology of estimate the Egyptian 5 arc-minute mean free-Air
anomalies, which are required to estimate the new harmonic coefficients of
the tailored geopotential models GOCOO05s and EGM2008 for the Egyptian

territory.

4.2 Global Geopotential Models (GGMs)

Current Global Geopotential Models (GGMs) of the Earth’s gravitational
field can be divided among three primary classes (Featherstone, 2002):-

a) Satellite-only GGMs derived from derived from the tracking of

artificial Earth satellites (the analysis of satellite-based gravity

observations).
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b) Combined GGMs, derived from a combination of a satellite-only
model, terrestrial gravimetry, satellite altimeter-derived gravity data
In marine areas, and (more recently) airborne gravimetry.
This combined solution generally enables the maximum degree of
harmonic expansion of the GGMs to be increased due to the higher
resolution of the terrestrial data.

c) Tailored GGMs, derived from a refinement of existing (satellite or
combined) global geopotential models using higher resolution

gravity data that may have not necessarily been used in the model.

The GGMs were obtained from the International Centre for Global Earth
Models (ICGEM) Web page (http://icgem.gfz-potsdam.de/home), which is

one of the six centers of the International Gravity Field Service (IGFS) of

the IAG. In addition, geopotential models will be made available with four
components:-
a) The set of coefficients (usually called "Cnm" and "Snm") from
degree 2 to maximum degree "N".
b) The adopted gravity-mass constant value used when creating the
model= Gravitational Constant (GM).
c) An equatorial scale factor or reference radius "a".

d) The permanent tide system of the model.

In this study, we chose the satellite-only GOCOQ5s and high degree
reference model EGM2008 to fit (tailor) the Egyptian gravity field in order
to determine the best of them that would be considered as a reference
model for precise gravity field modeling in Egypt.

The first is selected because it signifies unsurpassed satellite-only
models, which is based on complete data of the three gravity field mapping

missions, while the second is picked because it represents one of the best
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ultra-high degree or resolution model, and usually used as a reference
model to assess other recent models.

In addition, the global geopotential model EGM96, the predecessor
of the EGM2008 model, are used to detect the gross errors that exist in the
Egyptian gravity data (observed gravity points) and validation of the geoid
models, which are derived from the spherical harmonic coefficients of
tailored geopotential models. In the following sections, GOCOQ5s,
EGM2008, and EGM96 models are described in details.

4.2.1 The satellite-Only Gravity Field Model GOCOO05s

The satellite-only gravity model GOCOQ5s is a combination solution
based on 4 years of GOCE gravity gradient data (ITSG-Grace2014s
model), 10.5 years of GRACE, Kinematic orbits (8 satellites) and Satellite
Laser Ranging (SLR) (6 satellites), resolved up to degree/order 280 of a
harmonic series expansion (spatial resolution ~72 km), made by the Gravity

Observation Combination Consortium (GOCO, http://www.goco.eu/).

The combined solution, consisting of the lower degree portion of
GOCO05s (n<120) was estimated from GRACE data, GOCE-TIM5
gradiometer observations for the degree (120 < n < 260) and kaula
regularized for the degree (n > 260) more information’s see (Mayer et al.,
2015). The model is available via http://inas.tugraz.at/GOCQ. Table (4.1)
show that the main parameters of the GOCOO05s model.

Table (4.1): Parameters of Earth Gravity Field Model GOCOO05s.

Parameters GOCO05s Unit
Gravitational Constant (GM) 3.986004415x10* m3 572
Reference Radius (a) 6378136.3 m
2" Degree Zonal Coefficient (C;,0) -4.841694552725x10~* unitless
Maximum degree (n) 280 unitless
Tide-System Tide-zero unitless
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4.2.2 Earth Gravitational Model 2008

The high degree Earth Gravitational Model 2008 (EGM2008)
released by the United States (US) National Geospatial-intelligence
Agency (NGA) (EGM2008, http://earth-
info.nga.mil/GandG/wgs84/gravitymod/egm2008/index.html).

The reference model EGM2008 was developed by combining the best
available GRACE-derived satellite-only model, with the most
comprehensive compilation of a global 5 arc minute equiangular grid of
area-mean free-air gravity anomalies. EGM2008 is complete to spherical
harmonic degree and order 2159 but contains additional spherical harmonic
coefficients to degree 2190 and order 2159, which corresponds to a spatial
resolution of 5 arc minutes (approximately 9 km depending on latitude).
Overviews about the main parameters of EGM2008 are shown in Table
4.2).

Table (4.2): Parameters of Earth Gravity Field Model EGM2008.

Parameters EGM2008 Unit
Gravitational Constant (GM) 3.986004415x10* m3s~?2
Reference Radius (a) 6378136.3 m
2" Degree Zonal Coefficient (C, o) -0.484165143790815x1073 unitless
Maximum degree (n) 2190 unitless
Tide-System Tide-free unitless

The available gravity anomaly data that were necessary for the
computation of the 5 arc-minute area mean values to develop the
EGM2008 model, divide into three sub-divisions (see Pavlis et al., [2012,
sections 3.5]), as shown in Fig. (4.1a):-

a) Areas without any restrictions [are colored green in Fig. (4.1a)], most
of this area is ocean areas, where the altimetry-derived gravity

anomalies data.
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b) Areas where gravity anomaly data are either unavailable, or too
sparse, or too inaccurate, to support the estimation of 5 arc-minute
area mean values [are colored red in Fig. (4.1a)], the domains of
these data cover approximately 12.0 percent of the Earth’s land area
and are located in Africa, South America, and Antarctica.

c) Areas where the gravity anomaly data available were of proprietary
nature. In agreement with the co-owners of these data, their use was
only permitted at a resolution corresponding to 15 arc-minute area

mean values. The domain of these data covers approximately 42.9 %

of the total land area [are colored gray in Fig. (4.1a)].

UNAVAILABLE
1008279

PROPRIETARY
898097

UNRESTRICTED
7424824

0 30" 60" 90" 1200 150" 180" 210" 240" 270" 300" 330" 360
90" "

| ArcGP
381567

60° Contrib. 5 min.

273648

| NGA LSC
1303927
Fill-in
246479

GRACE-only
973787

Alt. SIO/NOAA
3108803

Alt. DNSCO07
1578783

Alt. Combined
164206

30" g

-30°

-60°

-90°

0 30" 60" 80" 120" 150" 180" 210" 240° 270" 300" 330" 360°

Figure (4.1): Geographic Display of the 5 Arc-minute Anomalies Used to
Develop the EGM2008 model: (a) Data Availability. (b) Data Source
Identification [source: Pavlis et al., 2012, Fig.(3)].
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Table (4.3) summarizes the statistics of these merged data and Fig. (4.1b)
show data source identification.

Table (4.3): Statistics of the 5 Arc-minute Anomaly Data Selected by the
Merging Procedure Used to Develop the EGM2008 Model, Unit is mGal
[source: Pavlis et al., 2012, Table (2)].

Percent
Data Source Area Minimum Maximum RMS RMS
ArcGP 3.0 —192.0 281.8 30.2 3.0
Altimetry 63.2 —361.8 351.1 28.4 3.0
Terrestrial 17.6 —351.9 R68.4 41.2 2.8
Fill-in 16.2 —333.0 5935 46.8 7.6
Non Fill-in B35 —361.8 Bo8.4 al.b 2.9
All Source (Global) —361.8 8684 345 4.1

Over areas where only lower resolution gravity data were available,
their spectral content was supplemented with the gravitational information
obtained from the global set of Residual Terrain Model (RTM) implied
gravity anomalies to support the estimation of 5 arc-minute area-mean for
the solution of EGM2008. The specific details of the implementation of
this approach are given by Pavlis et al. (2007).

Over areas without adequate gravity anomaly data (unavailable), the
5 arc-minute grid was filled with composite “fill-in” values, computed from
the low degree part of GGMO02S (n < 60), augmented with the EGM96
coefficients for degrees 61 to 360, and further augmented with coefficients
of the topographic-isostatic potential for degrees 361 to 2159, (see Pavlis et
al., [2012, sections 3.5] for details).

Accordingly, and from Fig. (4.1), Egypt is located in the gray area (lower
resolution) and a small part in the red area (unavailable data) as shown in
Fig. (4.2).
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Unavailable

Available
15 arc-minute

Available
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Figure (4.2): Data Availability for Egypt Used to Develop The EGM2008
Model [source: subset from Fig. (4.1)].

4.2.3 Earth Gravitational Model 1996

The Earth Gravitational Model 1996 (EGMO96,
https://cddis.nasa.gov/926/egm96/egm96.html), had been developed
collaboratively by NASA Goddard Space Flight Center (GSFC), NGA, and
The Ohio State University (OSU). EGM96 is a spherical harmonic model

of the Earth’s gravitational field up to degree and order 360, and its
resolution is 30 arc minutes (approximately 55 km at the equator). EGM96
was a composite solution in which different estimation techniques were

used to compute different spectral bands of the model.

The composite solution, consisting of (a) the lower degree portion of
EGM96 (up to degree 70), was estimated from the combination of the
satellite-only model EGM96S, with 30 arc minutes area-mean gravity
anomalies; (b) a block diagonal solution from degree 71 to 359, and (c) the

quadrature solution at degree 360.
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Over areas without adequate gravity anomaly data, the 30 arc-minute
grid used in EGM96 was filled with composite “fill-in”  values,
computed from the low degree part of EGM96S (involved the analysis of
various types of satellite tracking data from 40 satellites), augmented with
coefficients of the topographic-isostatic potential based on global digital
topographic database JGP95E (see Lemoine et al. [1998, sections 7.2 and
8.3] for details). Finally, the main parameters of gravity field model
EGM96 are shown in Table (4.4).

Table (4.4): Parameters of Earth Gravity Field Model EGM96.

Parameters EGM96 Unit
Gravitational Constant (GM) 3.986004415x10* m3s~?2
Reference Radius (a) 6378136.3 m
2" Degree Zonal Coefficient (C, ) -0.484165371736x1073 unitless
Maximum degree (n) 360 unitless
Tide-System Tide-free unitless

The development of the gravitational model EGM96 critically
depended on the availability of accurate and complete gravity anomaly
data. The estimation of 30' mean gravity anomalies from terrestrial,
airborne and altimetry data was carried out by the US Defense Mapping
Agency (DMA). On Oct. 1, 1996, DMA was folded into the National
Imagery and Mapping Agency (NIMA) until 2004, which later became
National Geospatial-intelligence Agency (NGA).

The computation of 30' mean free-air anomalies by NGA is based on
Least-Squares Collocation (LSC), which is a technique that combines
heterogeneous data types to optimally estimate gravimetric quantities and
their errors and it is described in some detail in Kenyon and Pavlis (1996)
and Trimmer and Manning (1996).

Five files containing 30 arc minute area-mean gravity anomalies
were used in the merging process that produced the final merged 30 arc

minutes area-mean gravity anomaly file, which used to develop the EGM96
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(see Lemoine et al. [1998, sections 8.3] for details). These were based on:
files (A): Terrestrial and (B): Altimetry 30 arc-minute gravity anomalies
from NGA, file (C): Terrestrial 30 arc-minute gravity anomalies from
OSU, file (D): Terrestrial 1° arc-minute gravity anomalies from NGA
(were “split up” in order to define a 30 arc-minute) and file (E): Composite
topographic—isostatic 30 arc-minute values. Table (4.5) summarizes the
overall statistics of this files and Fig. (4.3) illustrates the geographic
locations and source of the merged 30 arc-minute area-mean gravity

anomalies. In addition, these files available via anonymous FTP to

ftp://cddis.gsfc.nasa.gov/ (cd to the directory pub/egm96/gravity data/).

Table (4.5): Statistics of the 30 Arc-minute Anomaly Data Selected by the
Merging Procedure Used to Develop The EGM96 Model, Unit is mGal
[source: Lemoine et al., 1998, p.8-20].

File A File B File C File D’ File E

NGAterr, NGaAalt OSUterr. “Split-up” “Fill-in"

Number of values 86740 146042 1064 6500 18854
Percentage of area 30.68 66.14 0.1 0.74 2.33

Minimum value -214 .4 -300.3 -153.6 -184.6 -170.3
Maximum value 399.5 328.0 301.7 263.6 170.3
Mean value 42 =24 8.6 94 0.8
RMS value 35.2 25.6 56.7 49.1 28.0
RMS stand. dev. 5.4 1.7 16.9 35.7 36.0

Accordingly, from Fig. (4.3), and referring to Table (4.5), most of Egypt is
located in green area file (A), blue area file (B) and a small part in gray
area file (D) as shown in Fig. (4.4). This data obtained from African
Gravity Project (AGP) (Fairhead & Watts, 1989; Merry, 2003; Merry et al.,
2005).

AGP was one of the primary sources of gravity information over
Africa, Along with the NGA collections. In 1986, the AGP began with
GETECH company, lining up support with 16 sponsors, including major
contributions from NGA.
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Figure (4.3): Geographic Locations and Identification of Merged 30 Arc-
minute Gravity Anomalies Used to Develop The EGM96. (Source:
Lemoine et al., 1998, p.8-21).
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Figure (4.4): Data Source Used to Develop The EGM96 Model for Egypt
[source: subset from Fig. (4.3)].
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The objective of AGP was to collect all the available gravity data
over Africa in an organized manner rather than on a country-by-country
basis for oil exploration and scientific investigations. The final published
report was produced by GETECH in 1988 with the distribution to the
sponsors of free-air and Bouguer gravity files and maps, together with
detailed documentation on the gravity processing, map details, and survey
specifications (Fairhead & Watts, 1989).

The accuracy of AGP data in land values, which are controlled by
the positioning and elevations of the gravity stations, ranged from 1 to 5
mGal and the marine gravity accuracy, which is highly dependent on the
ship’s navigation, ranged from 3 to 15 mGal (see Lemoine et al., [1998],
sections 3.2.4, for details). Fig. (4.5) shows that the distribution of Egyptian
gravity data, which used in AGP. These data can be obtained through
GETECH Group company (http://www.getech.com/gravandmagmap/) and

University of Leeds (https://www.leeds.ac.uk)
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Figure (4.5): Distribution of Egyptian Gravity Data in African Gravity
Project. [Source: Fairhead at el., 1997, subset from Fig. (1)].
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4.3 Digital Terrain Model (DTM)

In this investigation, the term Digital Topographic Model (DTM)
will be used here to identify data sets providing additional information
pertaining to different terrain types. In addition, DTM will be used in
following computations:-

a) The harmonic coefficients of the tailored (modified) geopotential

model are obtained at the surface of gravity information.

b) Conversion of height anomaly to geoid undulation terms, as

described in section (3.3.1).
In order to achieve that, we will use a high-resolution Digital Topographic
Model DTM2006.0 (Pavlis et al., 2007) described as follows.

4.3.1 The Digital Topographic Model DTM2006.0

DTM2006.0 model contains fully-normalized spherical harmonic
coefficients of the elevation HCnn and HS.m in units of meters, complete
to degree and order 2190. Positive heights for land areas above MSL and
negative depths for ocean areas (or land areas below MSL), can be
expanded in surface spherical harmonics as:

Npay N _ - .
H o 20060 = ZZ( HCnmCOSMA+ HSnm sinmA) P, (sing) (4.1)

n=0 m=0

In addition, DTM2006.0 model was formed specifically to support
the development of EGM2008 and it is identical to the Global Digital
Terrain Model DTM2002 (Saleh & Pavlis, 2002) in terms of database
structure and information content. Where, DTM2002 combines elevations
from Global Land One-kilometer Base Elevation (GLOBE) (Hastings and
Dunbar, 1999), altimetry/geoid model-derived elevations from Altimetry
Corrected Elevations (ACE) and from GSFC over Greenland and Antarctic
database, and bathymetry from the predictions of Smith and Sandwell
(1997) from altimetry data and ship depth soundings. DTM2006.0 was
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compiled by overlying the Shuttle Radar Topography Mission (SRTM) data
(Werner, 2001) over the data of DTM2002. In addition to the SRTM data,
DTM2006.0 contains ice elevations derived from Ice, Cloud, and land
Elevation Satellite (ICESat) laser altimeter data over Greenland and over
Antarctica. Over the ocean, DTM2006.0 contains essentially the same
information as DTM2002. The DTM2006.0 model is available via

http://earth-
info.nga.mil/GandG/wqs84/gravitymod/egm2008/first release.html.

In this study, the DTMZ2006.0 model, complete to degree and order
2190, has been used to create a 5'<5’ mean heights for Egypt Fig. (4.6) by
using harmonic_synth program (Holmes & Pavlis, 2006), in the area
bounded by latitudes 21° to 33° and longitudes 24° and 38°, and Table (4.6)

shows the statistics of this heights without marine areas.

38

Figure (4.6): The 5'x5’ Mean Heights for Egypt Derived by Using
DTM2006.0 Model Complete to Degree and Order 2190.
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Table (4.6): Statistics of a 5’ x 5’ (24505 values) Mean Height for Egypt
Derived by Using DTM2006.0 (height for marine areas = 0).

Height (H) | Mean | Standard dev. | Minimum | Maximum
Egypt m m m m
DTM2006.0 | 310.105| 300.149 -414.891 | 1939.625

4.4 Available Gravity Data Sources in Egypt

The used gravity data sets in this study are collected in the form of
point gravity (observed), where the point gravity have been obtained from
various local and international organizations such as Ganoub EIl- Wadi
Petroleum Holding Company (Ganope), National Research Institute of
Astronomy and Geophysics (NRIAG), Survey Research Institutes (SRI),
General Petroleum Company (GPC), Egyptian Survey Authority (ESA) and
Bureau Gravimeétrique International (BGI). These data will be described in

details in the following sections.

4.4.1 Ganoub EI- Wadi Petroleum Holding Company

Ganoub EI- Wadi Petroleum Holding Company (Ganope) has
provided us about 3926 gravity stations with standard deviation 0.01 mGal,
of Mesaha Concession located in the southern part of the Western Desert
of Egypt, through information center of Egyptian General Petroleum
Corporation (EGPC) (EGPC, http://www.egpc.com.eg/). The gravity
survey of Mesaha Concession is comprised of 11 lines along East-West of
varying length with a nominal spacing of 400 m and along North-South 3
lines of varying length with a nominal spacing of 1000 m as shown in Fig
(4.4). The relative gravity measurements of these data were made using
Scintrex CG-3 and CG-5 Gravity Meters, while the positioning information
was acquired using Trimble 4000 and Trimble 350 receivers. The final data

is supplied in a WGS84 horizontal datum and all elevation data in the field
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was processed on the WGS84 ellipsoid and then converted to MSL using
the EGM96 geoid model (FFG Pty Ltd., 2009).

Egypt

Mesaha Concession

E2Sl

Figure (4.7): Distribution of Mesaha Gravity Survey. (FFG Pty Ltd., 2009)

4.4.2 National Research Institute of Astronomy and Geophysics

The National Research Institute of Astronomy and Geophysics
(NRIAG) has observed several small gravity networks as a part of complex
geodetic networks serve for the detection of crustal deformation. Most of
these loops are concentrated in the active crustal movement Zone of Aswan
Lake (Groten & Tealeb, 1995) about 198 gravity stations and other 35
gravity stations with known orthometric heights, were made available with
standard deviation 0.02 mGal. In addition, 115 gravity stations near the
Southern boundary of Egypt with accuracy 0.2 mGal. Moreover, Network
consisting of 11 gravity stations with standard deviation 0.01 mGal was
established in 1995 around greater Cairo area along with their spirit
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levelling orthometric heights were provided by the same Institute
(Hassouna, 2003). Finally, all gravity stations provided by NRIAG about

359 with known WGS-84 geodetics coordinates as shown in Fig (4.8).
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Figure (4.8): Distribution of NRIAG Gravity Data.

4.4.3 Survey Research Institutes

In 1994, SRI has initiated a project for re-calibrating and updating
the Egyptian national gravity network. The Egyptian National Gravity
Standardization Net (ENGSN97) is a project initiated in late 1994 between
Survey Research Institutes (SRI) as the executive counterpart with the
cooperation of the General Petroleum Company (GPC) and the Egyptian
Academy of Scientific Researchers and Technology as the financial and

supervisory organization for re-calibrating and updating the Egyptian
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national gravity network. The ENGSN97 network serves as the precise
national gravity datum in Egypt.

ENGSNO97 consists of 5 absolute gravity stations (observed in a joint
effort between the Egypt's Survey Research Institute (SRI) and NGA and
145 relative gravity stations connected to those absolute gravity points with
standard deviation range from 0.01 to 0.050 mGal as shown in Fig (4.9).
The precise coordinates of almost all of the ENGSN97 points have been
observed by static GPS on WGS-84, while their orthometric heights are
obtained by precise leveling.

Hence, each gravity stations of the ENGSN97 precisely have a
three-dimensional geodetic position (latitude, longitude, and geodetic
height) from GPS data, as well as vertical position made by the orthometric
height from precise levelling. The standard deviation of the final solution of
the ENGSN97 network is range from 0.002 to 0.048 mGal (Dawod, 1998).

L] -

A Absolute Gravity St ® Relative Gravity St I

Figure (4.9) Egyptian National Gravity Standardization Network 1997.
(Dawod, 1998)
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4.4.4 General Petroleum Company

A ten-year project (1974 - 1984) for the compilation of gravity maps
of Egypt has resulted in the National Gravity Standard Base Net (NGSBN-
77). This project was executed and supervised by the General Petroleum
Company (GPC) under the auspices of the Egyptian Academy of Sciences
and Technology (Kamel & Nakhla, 1987). The NGSBN-77 consists of 71
stations with standard deviation range from 0.01 to 0.18 mGal and includes
the existing stations of the International Gravity Standardization Net
(IGSN71) in Egypt (11 stations) as shown in Fig (4.10). The standard error
of the adjusted IGSN71 gravity values was less than £ 0.1 mGal (Morelli et
al.1972).

The distributed of NGSBN-77 is well all over the country and the
geographical coordinates were determined by connecting these stations
with the Egyptian Triangulation Network, which based on the Old Egyptian
Datum (OED) and the corresponding elevations are determined by
tacheometry (El-Tokhey, 1993). The coordinates of about 20 stations
located in inaccessible areas, in the western desert and Sinai, were

interpolated from governmental topographic maps.

In addition, The General Petroleum Company (GPC) has carried out
some gravimetric surveys along the Western Desert and along the Nile
about 950 stations for Petroleum Exploration (Hassouna, 2003) as shown in
Fig (4.10). The locations of these data were available on the OED, whereas
the other portion was given on the WGS72 global datum and the heights
were interpolated from the topographic maps. The standard deviation of
these data have been estimated to be £1.0 mGal (EI-Tokhey, 1993).
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Figure (4.10): Distribution of GPC Gravity Data.

4.4.5 Egyptian Survey Authority

About 190 gravity stations with estimated standard errors £0.4 mGal
(El-Tokhey, 1993) observed by the Egyptian Survey Authority (ESA) were
made available. This data is observed along the first order leveling lines
and concentrated in the Northern part of Egypt. Furthermore, about 72
gravity stations with average accuracy 0.068 mGal along the first order
leveling lines are available from (Youssef, 1970). The geodetic coordinates
of these stations are given in the OED and the heights above MSL are

observed by spirit levelling as shown in Fig (4.11).
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Figure (4.11): Distribution of ESA Gravity Data.

4.4.6 Bureau Gravimétrique International

The Bureau Gravimétrique International (BGI) database, which now
contains over 12 million of observations compiled and computerized from
land, marine and airborne gravity measurements, has been extensively used
for the definition of Earth gravity field models. Fig. (4.12) depicts the
distribution of available measurements (over lands and oceans) in the

database of BGI. These data accessible from the BGI website

http://bgi.obs-mip.fr/ (cd to the directory /data-products/Gravity-
Databases/) for any public or private user.
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Figure (4.12): Distribution of Available Measurements of Gravity in the
Database of BGI. (Balmino G.at el., 1999).

The available BGI dataset in Egyptian Territory cover the window
22° < @ < 32° and 25° <A < 37° have 68241 gravity stations (590 in land
and 67651 in marine) with known WGS-84 geodetic coordinates. This data
is included in 335 points located in Egypt. In addition, some points located
in neighboring countries such as Saudi Arabia 15 points (latitude 21.0° to
23.0° and longitude 25.0° to 37.0°) and Sudan 240 points (latitude 22.0° to
32.0° and longitude 34.0° to 37.0°), as shown in Fig (4.13). The standard
deviation of BGI dataset in Egypt is estimated 0.2 mGal in Land and from
5.0 to 10.0 mGal at the sea.
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Figure (4.13): Distribution of BGI Gravity Data.

Fig. (4.14) and Table (4.7) show the geographic locations and summarizes

the overall of available gravity data for Egypt, respectively, which was

explained previously and will be used in this study.
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Figure (4.14): Geographic Locations of Available Gravity Data for Egypt.
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Table (4.7): Summarizes Overall of Available Gravity Data for Egypt.

Source Location NO'. of Accuracy Reference
point (mGal)
Ganope Southwest 3926 0.01 (FFG Pty Ltd., 2009)
Aswan 233 0.02 (Groten and Tealeb,
1995)
NRIAG South 115 0.20 (Hassouna,2003)
Cairo 11 0.01 ’
Egypt, i
SRI ENGSN97 150 0.002-0.048 (Dawod, 1998).
Egypt,NGSB ] (Kamel and Nakhla,
N.77 71 0.01-0.18 1987)
GPC The Western
Desert and 950 +1.0
along the Nile (El-Tokhey, 1993)
ESA Along first 190 +0.40
Youssef | order leveling
(Ph.D.) + Delta 72 0.068 (Youssef, 1970)
Along Nile+
Delta+ 590 0.20
BGI  |—ooutheast http://bgi.obs-mip.fi/
The Red Sea B4, D:
and 67651 5.0-10.0
Mediterranean

Total points 73959 a set of 6308 land and 67651 marine gravity data

4.5 Deflections of the Vertical

The available astronomic observations were observed by ESA at the
1% order triangulation network. The ESA observed the astronomic latitude
(®) at 133 stations. In addition, the ESA observed 14 astronomic latitude
(®) and longitudes (A) at Laplace stations. The observing program was
based on observing four to six pairs of stars in one or two nights, using
Repsold theodolite (Hassouna, 2003). The geodetic coordinates of these
stations given relative to the Old Egyptian Datum (OED) and the heights
were determined using trigonometric leveling (EI-Tokhey, 1993; Hassouna,
2003).
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According to Shaker (1986), the astronomical system depends on the
direction of the vertical (actual gravity field) and the geodetic system
depends on the direction of the ellipsoidal normal (normal gravity field),
and then the difference between the two directions is the well-known
deflection of the wvertical 6. It has two components; a north-south
component ¢ and an east-west component #, where & is the meridian
deflection of the vertical (Ksi) and # is the prime-vertical deflection of the
vertical (Eta). The two components were performed using the well-known
relations (Hassouna, 2003) see Fig.(4.15):

c=0-—9¢
(4.2)

n = (A—A)cos(p)

Paralle! o the equatorial PIA"°

Figure (4.15): Deflection of The Vertical and its Components.
Fig. (4.16) shows the distribution of the available components of
deflections of the vertical in Egypt.
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Figure (4.16): Components of Deflections of The Vertical Data in Egypt.

4.6 GPS/Levelling Data

The major GPS/levelling surveys projects, which have been used in this
study described as follows (Shaker et al., 2000):-

a) Project 1; the aim of this project was establishing a precise geodetic
control network in different sites in Egypt. In the way of doing that,
21 primary stations of ESA were observed (to connect the new work
to the national first order net) with dual frequency GPS receivers and
tied to 4 IGS stations. A few stations of these projects were used in

this study about three stations as shown in Fig. (4.17).
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b) Project 2; The Egyptian Civil Aviation Authority (ECAA) made a
GPS national network (20 stations). The work in this network is
nearly done in the specification of the HARN project and it’s divided
into three Sub-Nets, which are located in 18 airports distributed
along the boundary and the center of Egypt and 9 navigational aids
stations out Side the airports (Kamal, O., 2010). The GPS
observations of this network are observed three times, every time
continued 24 hours, with duration of three weeks apart between
every session with dual frequency GPS receivers. Also, this network
is tied to IGS and HARN stations with precise ephemeris during the
data processing. Besides, ECAA were establishing at each airport
small network consists of three to six GPS station ties to the previous
network. Finally, 81 GPS stations (in and around the airports) were
constructed formational and International Civil Aviation Services.
The orthometric heights of all stations (except navigational aids) are
measured relative to the Mean Sea Level (MSL) using the ESA
benchmarks (first and second order levelling network), which is
closed to each airport through a precise levelling loop. The ECAA
project was performed from 1996 to 1998. Six stations of these

projects were used in this study as shown in Fig. (4.17).

The orthometric heights of all stations (project 1&2) are measured relative
to MSL using the ESA benchmarks (Bolbol, S. & Saad, A., 2017)

c) Project 3; The High Accurate Reference Network (HARN) project,
made by the Egyptian surveying Authority (ESA) in 1995. The aim
of this project is to form the New Egyptian Datum 1995 (NED-95)
for furnish a nationwide GPS skeleton for surveying and mapping
applications. The HARN network consists of 30 stations covers the

area of Egypt in very good geodetic accurate network geometry with
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an average spacing of approximately 200 km. In this network, the
GPS observations are observed using dual frequency GPS receivers,
the observation sessions were long enough and tied to International
Geodynamic Service (IGS) and precise ephemeris is used in the
processing in order to obtain a high accuracy estimate. The relative
precision level of HARN is about 1: 1:10,000,000 or 10 part per
million (ppm). Unfortunately, only 17 stations of HARN have
observed an orthometric height refers to the national vertical datum
in Egypt as shown in Fig. (4.18). Also, these stations connect to the
Egyptian Triangulation Network. The other 13 stations (located in
remote areas) have no observed orthometric heights and therefore, no
undulations could be obtained for these stations (El-Ashquer et al.,
2016).

In each of the above three GPS project, the WGS84 reference frame was

utilized to be the basic datum of the produced coordinates which were

gained directly from GPS.
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Figure (4.17): Distribution of GPS Stations with a known Orthometric
Height of Project 1 and 2.
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4.7 Programs

4.7.1 GRAVSOFT

GRAVSOFT consists of a rather large suite of FORTRAN programs,
which have evolved over many years to tackle many different problems of
physical geodesy. The roots of the oldest program — the general collocation
program GEOCOL - date back to 1973 (Forsberg & Tscherning, 2008).
Fig. (4.19) show the main program's package of GRAVSOFT software.
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% PyGravsoft Launcher - Gravity field programs

3D Applications

COVFIT Covariance Fitting EMPCOV Empirical Covariance Estimation
GEOCOL Geodectic Collocation GEQOGRID Gridding or Interpolation of Irregular Distributed Data
GEQIP Grid Interpolation GEQEGM Gravity Medel Evaluation
STOKES Space Domain Integration for Geoid or Deflections of the Vertical L Gravimetric Terrain Effects
2D Applications
SPFOUR Spherical Multiband FFT for Gravimetric Computations TCFOUR Terrain effect computation by FFT
COVFFT Estimation of 2D Covariance Functions Using FFT GEOFOUR Planar FFT for Gravity Field Modelling
GPFIT Fitting Flat-earth Covariance Function to Gravity Data GPCOLL Flat-earth Collocation
FITGECID Fit surface to GPS levelling TCGRID DTM Grids and Mean Terrain Surfaces for RTM Method
Service Programs
| SELECT Select, Thin and/or Average Data GEOMAIN 2 points: Distance and Azimuth or Reverse
| TRANS Transformation of Coordinates to or from a 2D or 30 System M2ZETA Transformation of Geoid Heights to Height Anomalies
FCOMP File Comparisen G25UR Conversion of GRAYSOFT Grids to SURFER Format
GBIM Convert Grid to Binary or Reverse G2GMT Conversion of GRAVSOFT Grids to GMT Format
GCOME Combining Two Grids GLIST Converts grid file to list file
qQuit

Figure (4.19) Main Programs Package of GRAVSOFT Software.

GEOCOL is the primary function of the program is the computation
of an approximation to the anomalous potential of the earth, T, using
stepwise least squares collocation. The program may also be used for the
evaluation of a spherical harmonic series and corrections to a set of
spherical harmonics may also be computed and compared to a reference set
see Tscherning (2001). In this study, we used version 17 of GEOCOL
called GEOCOL17.

4.7.2 PMITES

The program PMITES, one of GRAVSOFT package, is used for
fitting a spherical harmonic expansion to local gravity data. The main
routine of PMITES is GEOPMI create by Wenzel (1985) and slightly
modified by Weber and Zomorrodian (1988), where GEOPMI is used for
the computation of new or correction of existing spherical harmonic
potential coefficients by means of mean free air anomalies using integral
formulas within an iterative algorithm. This version of routine GEOPMI is
limited to a maximum degree and order 360.
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Finally, it has been a unification of the four parameters Table (3.1),
which are used to define the Geodetic Reference System (GRS) to be used
for synthesis and analysis computations in main programs GEOCOL17 and
PMITES.

4.8 Preparation and Pre-Processing of Data Set

In the following sections, we present, the preparation and pre-processing of
the above data set used to fit the model.

4.8.1 Preparation of Global Geopotential Models

According to section (2.7), the definition of IGSN71 gravity datum is
the mean-tide system the same as the vertical datum of Egypt (cf. section
2.8.1). Also, the EGM96 and EGM2008 are classified as a tide-free system
and GOCOQ05s is a zero tide system. Consequently, in order to compare
different geopotential harmonic coefficient, it is mandatory that they refer
to the same permanent tide system that is the mean tide system the same as
gravity and vertical datum of Egypt. This will be discussed later (cf. section
3.4.2). Also, this could be made by converting the models from zero-tide
and tide-free coefficients to the mean-tide system, where the second degree
zonal coefficient of the models are modified, which describes the flattening
of the equipotential surfaces of the gravity field, by using Eq.(3.23) and Eq.
(3.24) as given in Table (4.8).

Table (4.8): Second-degree Zonal Coefficient of EGM96, GOCOO05s and
EGM2008 in Mean - tide system.

Second Degree Zonal .
Model | coetficient (€, ) [ Mean- tide] | ™"
EGM96 - 0.484183441736000E-03
GOCO05s - 0.484183355272500E-03 | unitless
EGM2008 - 0.484183213790815E-03
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4.8.2 Preparation of Gravity Anomaly

In total, we have processed 73959 points a set of 6308 terrestrial and
67651 marine gravity data as given in Table (4.7). All these gravity data are
referring to IGSN-71 gravity datum and World Geodetic System 1984
(WGS 84) horizontal datum, which are the basic datums for all
computations in the current work. The transformation of geodetic
coordinates of gravity data from the OED and WGS72 into WGS 84
(Hassouna, 2003) made by using the seven transformation parameters El-
Tokhey (2000) and (Leick, 1990), respectively.

Important steps in order to obtain the local Egyptian gravity anomaly
from observed gravity data, which were previously explained in section
(4.4) and summarized in Table (4.7), include:-

1. The Molodensky formula used to compute (point) free-air gravity
anomalies, recall from Section (2.4.5)

2. Atmospheric Gravity Correction (8g,) is a correction that is added to
observed gravity recommended by the International Association of
Geodesy (IAG, 1971). It is necessary because the WGS 84 earth's
gravitational constant (GM) value includes the mass of the

atmosphere. It is given by (Dimitrijevich, 1987, p. 4):

70.116-H1'046
59A: 0.87-e mGal for H> 0 (4.3)
0.87 mGal for H < O

Where H is the orthometric elevation above Mean Sea Level (MSL)
of the observation point in kilometers, then the Molodensky free-air

gravity anomalies Eq.(2.33) becomes:

2
AQ=0p—7q {1-2(1+f+m-2fsin2¢)%+3(%) }+5gA (4.4)

Notes that the gravity data have been collected by different

organizations with different accuracy and it’s likely to be
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contaminated with several types of errors, such as vertical, horizontal
and gravity datum. It also may contain gross errors and duplicated
values. Therefore, the free-air gravity anomalies have been checked

to remove these errors and duplicated points in a consistent manner.

3. A scheme for gross error detection has been carried out. Generally,
any data that differ from the mean by more than +3c6 can be
considered as blunders or outliers and removed from a data set (Wolf
& Ghilani, 2006, p.44):

Acceptable data be within specified limits = Mean + 3o (4.5)

In order to apply the criterion for rejection of outliers Eq. (4.5), some
a priori known reference model, here EGM96 (cf. section 4.2.3),
should be selected [where most of the Egyptian gravity anomaly have
been used to develop this model see Fig. (4.5) and Fig. (4.14)].
EGM96 used to compute the free-air gravity anomalies at the
observational points, then at each point the two values; the actual and
the model free-air gravity anomalies are to be compared to get
residuals, then any single residual that differs from the mean residual
by more than +3c (o: standard deviation of the residuals) can be
reject.

4. The duplicated points are found in the BGI data Fig. (4.13) with the
NGSBN-77 Fig. (4.10) and ESA data Fig. (4.11). In addition, the big
marine data from BGIl. A FORTRAN program DUPLICATES

(http://cct.afy.ku.dk/auvergne/duplicates.f) was written to search for

observations which were closer than a given input parameter by
Tscherning in 2009. Values which were detected as duplicates were

removed and output to a new dataset.
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After performing the steps (1-4), wherein steps (4) assume that the
minimum distance between the gravity anomalies point in the land area is
3" sec (approximately 90 m) and for the marine area is 5 minute
(approximately 9 km), a set of 6311 point gravity anomalies were selected
(5739 in Land and 572 at Marine) as given in Table (4.9), statistics of this
selection as given in Table (4.10) and the distribution as shown in Fig
(4.20).
Table (4.9): Remove and Clean Data-set of Egyptian Point Gravity

Anomalies.
. No. of Remove
Gravity type ooints data - set Clean data-set
Land 6308 569 5739
Marine 67651 67079 572
Total points 73959 67648 6311

Table (4.10): Statistics of the selection Egyptian Point Gravity Anomalies.

Free-air gravity | NO. of | Minimum | Maximum | Mean | Standard dev.

anomalies (Ag) | point | mGal mGal | mGal mGal
Land 5739 | -81.669 | 70.459 | 2.795 14.121
Marine 572 | -73.349 | 76.124 | -3.023 16.127

Total points 6311 | -81.669 | 76.124 | 2.267 14.410
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33° N 7
32°N—
31° N—
30° N—
29° N—
28° N—
27° N—
26° N—
25° N—
24° N—
23° N

22% N -

21° N

24°E 26°E 28°E 30°E 32°E  34°E  36°E 38°E
= Land (5739) ® Manne (572)
Figure (4.20): Distribution of the Local Egyptian Free-air Gravity
Anomalies.

Since the approach described in section (3.5) requires that the gravity
anomalies should be computed on a regular grid (mean value) for harmonic
analysis computation. So, the Egyptian point gravity anomalies Fig. (4.20)
are gridded to the 5'x5' arc-minute mean free-air gravity anomalies (Ag ) in
order to achieve the maximum degree of the tailored geopotential model.

In another word, for tailoring of the EGM2008 model, The Egyptian
free-air anomalies data were compiled in the form of 5'x5' area mean
values corresponding to the resolution of EGM2008. The computation of

the local 5'x5' area mean values will be described in the next section.
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4.8.3 Estimate the Egyptian 5 arc-minute Mean Anomaly
From Fig. (4.14) the distributions of point gravity are very poor on

land; many areas are empty, Sinai, Eastern, and Western deserts. The
distribution of the gravity points at the Red Sea is better than that at the
Mediterranean Sea. So, we synthesized 5 arc-minute gravity anomalies
values (Ag) through a fast quadrant-search Least Squares Collocation
(LSC) prediction algorithm through the program GEOGRID.

In order to perform LSC used the remove-compute-restore technique.
This technique may sufficiently result in the creation of a high-resolution
gravity database in a grid format or the densification of a test area with
scarce gravity coverage. Where long wavelength trends are removed from
the local free-air anomalies using the contributions of EGM96 from degrees
2 to 360 and augmented with the EGM2008 coefficients from degrees 361
to 2190, then LSC prediction is applied to the residuals data (stochastic
field points) and finally, the effects of the mentioned contributions are

restored back to the estimated quantities.

The fundamental formula for using LSC to predict 5 arc-minute
mean free-air gravity anomalies and their associated errors using point free-
air gravity anomalies are given by the well-known expressions as (Kenyon
& Pavlis, 1996):

Ags =Cyy, (Cagsg +V) - L+ RES(mean) (4.6)
- -1

M?(A0y )= Cris ~Crsag (Cansa +V) ~Coys

Where : —

Ag,, =5' mean free-air gravity anomaly.

L= AQ — AQ gy 96‘293360 — AQ gom 2008‘36]5,52190
Ag= Molodensky point free-air gravity anomaly.

AQ £opos)y..so = CONtribution of EGM 96 from degrees 2 to 360.
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Ag EGMZOOS\%K”SMO = Contribution of EGM 2008 from degrees 361 to 2190.
V = noise covariance matrix (diagonal) of point free-air gravity anomalies.
RES(mean ) = Ag cqyye6
C
C@g = signal cross covariance matrix between 5' mean and

+AQ oy 2008‘ Restore step

2<n<360 361<n<2190

sgag = Signal covariance matrix of point free-air gravity anomalies.
free-air gravity anomalies.
M2 (EF)) = error variance of 5' mean gravity anomaly.

C_ =signal covariance between 5' mean gravity anomalies .
gAg

The covariance modeling consists of calculating empirical
covariances from the reduced anomaly data and then fitting a 2™ order
Markov analytical covariance model to the empirical covariance given by
(Forsberg & Tscherning, 2008, p.38):

cov(p)=C, (1+ %).e(f’ (4.7)

Where  is the spherical distance between the interpolation and
computation points, Cy is the variance of the residual gravity anomalies in
square mGal (covariance scale) and a is the correlation length. When using
the program GEOGRID the variance Cgis found automatically from data
and the parameter o determined from the correlation length specified by the
user or this is the value of the argument for which Cov () has decreased to

half of its value at w = 0.

Finally in this research, using the analytical covariance model Eq.
(4.7), the value of the correlation length was set to 12.0 km and 20 closest
neighbors in each quadrant around a prediction point (with noise 1.0
mGal). The LSC solution resulted in the 5'x5' of the local mean free-air
gravity anomalies (Ag) bounded by 21° < ¢ < 33° and 24° < A < 38° are
shown in Fig. (4.21) and statistics are given in Table (4.11).
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Table (4.11): Statistics of The Egyptian 5'x5' Mean Free-air Gravity

Anomalies.
Gravity Anomalies Mean | Standard dev. | Minimum | Maximum
NO. of Value 24505 | mGal mGal mGal mGal

The Egyptian mean

: . — | 5.482 28.367 -216.298 | 218.099
free-air anomalies (Ag)

33

32+ mGal

204

% —110
80
@ 28+ — 50
—120
£ 10

= —
— 26 —1-40
bt < 700

Longiude

Figure (4.21): The Egyptian 5'x5' Mean Free-air Gravity Anomalies
Interpolated by Least Squares Collocation.

We now check the quality of the grid by using it to calculate the
original values used to create the grid using the program GEOIP, Fig.
(4.22) shows that the histogram of residuals between the gravity anomalies
control points (original values) and those derived from the 5 arc-minute

mean gravity anomalies.
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Residual between 5 arc-minute mean and the original values used to create it. In 10 mGal bins

4000 T T T BT.3% 1 \ ! !
' - 3 | I Residual
3500 |—------ rrrrrrrrrrrrrrrrr rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr Mean =-0.176 mGal
: : : : : : ¢ |RMS. = 2558 mGal
{111 RN N - -
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S | | i i
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= | | i i i
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Residual (mGal)

Figure (4.22): Histogram of Residual between The Gravity Anomalies
Derived from Original Points and 5 Arc-minute Gravity Anomalies

From Fig. (4.22) the result shows that the grid represents the original data

very well.

4.8.4 Preparation of Deflections of the vertical Data

A set of 14 deflections (&, ) and 127 is the meridian deflection of
the vertical (&) were selected Table (4.12) after applying the criterion for
rejection of outliers Eq. (4.5) as shown in Fig. (4.23).

Table (4.12): Statistics of The selection Deflections of The vertical.

Deflections of the NO. of Mean St?jr:\j/ard Minimum | Maximum
vertical points '
arcsec arcsec arcsec arcsec
Me”d'arzg)mec“on 141 4926 | -9545 | 16508
Prime-vertical 14 | -0679 | 5443 | -8044 | 8241
deflection (n)
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Figure (4.23): Components of Deflections of The Vertical Used for The

Computation.

4.8.5 Preparation of GPS/Levelling Data

The geoid heights with respect to the GPS/levelling techniques were

computed as follows see Fig. (2.7):
H

Neps/Levet = hGPS - Levelling

(4.8)

In practice, the GPS-levelling technique has become quite common and

used often erroneously or with a poor understanding of the

transformations

between reference surfaces and systematic errors involved. As accuracy

requirements increase, the incorrect application of Eg. (4.8) has more

severe implications. Therefore, it is important to develop proper procedures

for combining the heterogeneous height data (Sanso & Sideris, 2013, p.,
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524). Thus, from Eq.(4.8), where h .. is the ellipsoidal height obtained by
the GPS observations refer to the tide-free system (cf. section 2.7) and
H Leeing dENOtes the orthometric height estimated at the benchmarks, in this
study, refer to mean tide system (cf. section 2.8).

It is now clear that h g, and H,;,, must be given in a consistent
tide system, so the ellipsoidal heights of available GPS stations in Egypt,

which described in section (4.6), should be converted to mean tide system

such as the vertical datum of Egypt through the formula found in (section

2.7) as follows :
she=Men —h -[h, +0.62x(9.9- 29.6 sin>p) |  (cm) (4.9)

Where h_ is the ellipsoidal height in the non-tidal or tide-free system. Fig.

(4.24) show that the differences between tide-free and mean tide system for
the ellipsoidal heights of HARN project (17 stations) by using Eq. (4.8).

Differences between tide-free and mean tide system for the ellipscidal heights

- 1 ! 1 1 ! ! 1 ! ! I ! !
—8—h (Free - Mean)| s s 1 5 5 1 5 5 ; : :

A R S S Y SR S ST S (ORI SN, S St S U R _
E [ O S |
w
]

o
c
o
%.2,5— -------------------------------------------------------------------------------------------------------------------------------------------------------------------------- -
[m]
T s S 20 om |
; : H : : H H : H H H 22 cm |
24 ecm |
-3.5 | |

0702 0Z07 OZ08 0Z09 OZ10 OZ11 0Z12 0Z13 OZ14 0Z15 0Z16 0Z17 OZ18 OZ19 0Z20 0Z21 0Z22
Station Id (HARN)

Figure (4.24): Differences between tide-free and mean tide system for the
ellipsoidal heights of HARN stations
These differences have an average of -2.0 cm with a Root Mean Square
(RMS) about £2.2 cm. The crudely estimated precision of the geoid heights
data assume ~14 cm.
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5. TAILORED GEOPOTENTIAL MODELS FOR EGYPT

5.1 Overview

In this chapter, the harmonic coefficients given by integral formulas
(Weber & Zomorrodian, 1988) are tailored using an iterative algorithm to
improve the accuracy of the obtained harmonic coefficients and decrease
the residual field. Moreover, this chapter also briefly presents the

following:-

a) The comparisons between the tailored geopotential models in order
to determine the best fit for them that would be considered as a
reference model for gravity field modelling in Egypt.

b) Geoid models for Egypt have been computed using the harmonic
coefficients of the tailored geopotential models.

c) The gravimetric geoid, as well as combined geoid (gravity and
astrogeodetic data), has been computed for Egypt using tailored
geopotential models in the remove-restore technique through 3D
Least-squares collocation (3D LSC).

d) All geoid solutions will be validated to choose the best ones for the
determination of orthometric heights above MSL, or more precisely
with respect to a vertical geodetic datum in Egypt.

All contour maps in this chapter are plotted by converting grid surface into
SURFER format using the GRAVSOFT program G2SUR (cf. Fig. 4.19).

5.2 Tailored Models to Gravity Data in Egypt

Fig. (5.1) illustrates the iteration scheme used for tailored
geopotential models, after each iteration a comparison is carried out
between observed anomalies (local) and the computed anomalies from the

tailored geopotential model (corrected spherical harmonic coefficients)
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until two successive iteration steps give practically the same harmonic
coefficients, or alternatively, no practical change in the residual field

between two successive iteration steps happens.

Initial model Em and 5_r § Local Egyptian Free-far Gravity Anom alies
Mean Gravity Anomalies (Ag) E gyptian Mean Gravity Anomalies (Ag)
from inifial model Eq. (3.41) (cf. section 4.8.3)

Com pute difference gravity anomalies (6Ag")Eq. (3.43) —

}

Compute correction 5C,p, 6C,-Eq.(3.45)

1
i .. ! :
T  Added correction to the initial model Eq. (3.47)
E Modified /Fitted' Tailored Model
R C"amand 57, .
A l
T —
I Com pute difference sravity anomalies again (§Ag")Eq (3 49)
O
N
If
No _
GAg = 6hg
Yes
End

Figure (5.1): Iteration Scheme for Tailored geopotential Model.

We present the results of tests performed on the tailored satellite-only
model GOCOO05s and high degree reference model EGM2008 for Egyptian
territory. This will be done by using a slightly modified version of the
program PMITES (cf. section 4.7.2).
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5.2.1 Tailored Satellite-only Model GOCOO05s

The Egyptian 5’ x 5’ mean gravity anomaly, described in section
(4.8.3), was used to compute the tailored geopotential model GOCOO05s
denoted as EG1GOC5s till degree and order 280. The harmonic
coefficients of tailored geopotential model EG1GOC5s were obtained by

integral formulas after five iterations as Table (5.1).

Table (5.1): Statistics of The Differences of The Egyptian 5 Arc-minute
Mean Gravity Anomalies with GOCOO05s and Tailored Model EG1GOC5s.
(Max. degree. 280)

Gravity Anomalies | No. of Mean RMS | Minimum | Maximum
_ iterations mGal mGal mGal mGal

Mean Free-air (Ag) 5482 | 28.891 | -216.298 | 218.099
Ag - GOCOO05s 0 -0.058 | 21.215 | -214.073 | 188.055
Ag - EG1GOC5s 1 0.056 | 14.562 | -139.692 | 146.786
Ag - EG1GOC5s 2 0.038 | 14.371 | -137.785 | 148.127
Ag - EG1GOC5s 3 0.019 | 14.288 | -137.004 | 148.669
Ag - EG1GOC5s 4 0.008 | 14.237 | -136.635 | 148.894
Ag - EG1GOC5s 5 0.002 | 14.198 | -136.448 | 148.952

The results listed in Table (5.1) show that the tailored geopotential model
EG1GOCS5s improve the mean differences significantly, decreasing it from
- 0.058 to 0.002 mGal. In addition, the Root Mean Square (RMS) show a
very dramatic improvement, changing from £ 21.215 mGal to + 14.562
mGal after only the first iteration. Also, it is cleared that more improvement
occurs with successive iterations, where the tailored geopotential model
EG1GOCS5s has improved by about 33 % compared to GOCOO05s in terms
of RMS after five iterations.

Fig. (5.2) shows that the decrease of RMS of the differences of the
Egyptian 5 arc-minute mean gravity anomalies using tailored geopotential

model EG1GOCS5s with respect to the iteration number.
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RMS of the differences anomalies using EG1GOC5s model with respect to iteration number.
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Figure(5.2): RMS of The Differences of The Egyptian 5 Arc-minute Mean
Gravity Anomalies Using EG1GOC5s Tailored Model with respect to The
Iteration Number.

In order to measure the accuracy of the original and tailored
geopotential model at the grid points or a direct comparison between the
models all over the Egyptian territory, Fig. (5.3) and Fig (5.4) shown
graphically and summarized that the difference between the Egyptian 5" x
5" mean gravity anomalies and the computed gravity anomalies using
GOCO05s and EG1GOC5s model, respectively, with regard to iteration

number = 0 and 5.
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Iteration Number = 0
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Figure (5.3): (a) Difference between The Egyptian 5’ x 5 Mean Gravity
Anomalies and The Computed Gravity Anomalies Using The Original
Model GOCOO05s (b) Histogram of These Differences in 10 mGal bins.

(Iteration Number =0)
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Iteration Number = 5
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Figure (5.4): (a) Difference between The Egyptian 5’ x 5 Mean Gravity
Anomalies and The Computed Gravity Anomalies Using The EG1GOC5s
Tailored Model (b) Histogram of These Differences in 10 mGal bins.
(Iteration Number =5)
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From Fig.(5.3), one can see that the satellite-only model GOCOQ05s
is able to recover gravity anomalies over 60 % of the Egyptian territory to
within £ 20 mGal, which shows a great matching over the Egyptian
territory due to a combination of the three gravity field mapping missions
(CHAMP, GRACE, and GOCE) (cf. section 4.2.1). In addition, Fig.(5.3)
shows the large difference in high topography (mountainous) regions, such
as the southern part of Sinai Peninsula.

Similarly, From Fig.(5.4), it can be seen that 83 % of the Egyptian
territory has an RMS within = 20 mGal of difference anomalies for the
tailored geopotential model EG1GOCS5s, which are quite good and best
agreement for Egyptian gravity field than the original model GOCOOQ5s.
Thus, the tailored geopotential model EG1GOC5s fits the gravity
anomalies in Egypt better than GOCOQ05s. Fig. (5.5) gives the Egyptian
5'x5" mean gravity anomalies derived from the tailored geopotential model
EG1GOCS5s.

Latitude

24 2% 26 27 28 28 0 N 32 3 34 3 36 37 38
Longitude
Figure (5.5): The Egyptian 5'x5" Mean Gravity Anomalies Derived by
Using EG1GOC5s Model Completed to Degree and Order 280.
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5.2.2 Tailored Ultra-high Degree Model EGM2008

A similar test was performed using the high degree reference model
EGM2008. The high degree reference model EGM2008 was tailored to
maximum degree 360 as given in Table (5.2), yielding the model denoted
as EGMO8F.

Table (5.2): Statistics of The Differences of The Egyptian 5 Arc-minute

Mean Gravity Anomalies with EGM2008 and Tailored Model EGMOSF.
(Max. degree. 360)

Gravity A l Mean RMS | Minimum | Maximum
ravity no-maLes i telz\:g'.[igﬁls mGal mGal mGal mGal
Mean Free-air (Ag) 5.482 | 28.891 | -216.298 | 218.099
Ag - EGM2008 0 -0.166 | 17.188 | -159.087 | 143.881
Ag - EGMOSF 1 -0.031 | 12.617 | -128.411 | 142.431
Ag - EGMOSF 2 -0.006 | 12.509 | -127.669 | 142.475
Ag - EGMOSF 3 0.000 | 12.447 | -127.273 | 142.477
Ag - EGMOSF 4 0.003 | 12.403 | -126.987 | 142.444
Ag - EGMOSF 5 0.005 | 12.369 | -126.751 | 142.401

The results listed in Tables (5.2) show that the tailored geopotential
model EGMO8F has improved by about 28.0 % compared to EGM2008
(degree and order 360), where the RMS decreased from +17.188 mGal for
EGM2008 to £12.369 mGal for EGMOSF.

Thus, it is clear that the tailored geopotential model EGMOSF fits the
Egyptian gravity anomalies better than EGM2008. Fig. (5.6) show the
RMS of the differences with respect to the iteration number. The results of
Tables (5.2) are shown graphically and summarized in Fig. (5.7) and Fig
(5.8) with iteration number = 0 and 5, respectively.
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RMS of the differences anomalies using EGMO8F model with respect to iteration number.
18 T T T

‘ =~ Root Mean Square (RMS) |

RMS (mGal)
I

Iteration Number

Figure(5.6): RMS of The Differences of The Egyptian 5 Arc-minute Mean
Gravity Anomalies Using EGMOS8F Tailored Model with respect to The
Iteration Number.

From Fig. (5.7) and Fig (5.8), It is clear that over 80 % of the
Egyptian territory within £ 20 mGal for the EGM2008 and 87% for the
tailored geopotential model EGMOSF.

For increasing the accuracy of the tailored geopotential model for
EGMO8F, the higher harmonic coefficients (from n = 361 to n = 2190) of
the original geopotential model EGM2008 have been restored, yielding the
final tailored geopotential model for Egypt, which was denoted
EGTMO0818.

Once again, a comparison has been made between the Egyptian 5'x5’
mean gravity anomalies using EGM2008 and EGTMO0818 at maximum
degree 2190 as shown in Table (5.3). The computations were carried out
using GRAVSOFT program GEOCOL (cf. Fig. 4.19).
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Figure (5.7): (a) Difference between The Egyptian 5’ x 5 Mean Gravity
Anomalies and The Computed Gravity Anomalies Using The Original
Model EGM2008 (till degree 360) (b) Histogram of These Differences in

10 mGal bins.(Iteration Number =0)
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Figure (5.8): (a) Difference between The Egyptian 5’ x 5 Mean Gravity
Anomalies and The Computed Gravity Anomalies Using The EGMO08F
Tailored Model (b) Histogram of These Differences in 10 mGal
bins.(Iteration Number =5)
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Table (5.3): Statistics of The Differences of The Egyptian 5'x5" Mean Gravity
Anomalies with EGM2008 and Tailored Model EGTM0818.

Mean Free-air
anomalies (Ag)

NO. of values | 24505 mGal mGal mGal
Ag - EGM2008 2190 |12.312 | -107.965 55.740
Ag - EGTMO0818 2190 5.210 -47.002 50.856

Max. RMS | Minimum | Maximum
Degree.

From Tables (5.3), the comparison shows that the RMS of the
differences drops from £ 12.312 mGal for EGM2008 to + 5.210 mGal for
EGTMO0818 by about 58 %. This reflects that the restore to higher degrees
(from n = 361 to n = 2190) increased the accuracy of tailored model
EGTMO0818. The results list of Tables (5.3) are shown graphically and
summarized in Fig. (5.9) and Fig. (5.10).

It can be seen that the tailored geopotential model EGTMO0818 gives
the best results and great matching over the Egyptian territory than the
original geopotential model EGM2008, where over 96 % of the Egyptian
territory to within + 10 mGal and 77 % for EGM2008.

Fig. (5.8) and Fig. (5.9) confirms the conclusion drawn in the
previous section that there is the large difference in high topography

regions, especially the southern part of Sinai Peninsula.

Finally, from Table (5.1), Table (5.3), and referring to Fig. (5.4) and
Fig.(5.10), the comparison between both EG1GOC5s and EGTMO0818
tailored geopotential model reveals a greatly better accuracy for the
EGTMO0818 model, where RMS of the residual mean gravity anomalies has
dropped from £ 14.562 mGal for EG1GOC5s to + 5.210 for EGTM0818
mGal by about 64.0 %. Fig.(5.11) show that the Egyptian 5'<5" mean
gravity anomalies derived by using EGTMO0818 model complete to degree
and order 2190.
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Figure (5.9): (a) Difference between The Egyptian 5’ x 5’ Mean Gravity
Anomalies and The Computed Gravity Anomalies Using The Original
Model EGM2008 (Max. degree. 2190) (b) Histogram of These Differences
in 15 mGal bins.
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Figure (5.11): The Egyptian 5'x5" Mean Gravity Anomalies Derived By
Using EGTMO0818 Model Complete to Degree and Order 2190.

5.3 Assessment of Tailored Models

The assessment of the tailored geopotential models could be made in
three ways, firstly by gravity anomalies comparison, secondly by geoid
model comparison (derived from the spherical harmonic coefficients of
tailored geopotential models) and, thirdly geoid comparisons through
GPS/levelling stations as check points.

5.3.1 Gravity Anomalies Comparison

The point gravity anomalies in Egypt (cf. Figure 4.20), 6311 gravity
stations (5739 in Land and 572 at Marine), are reduced to all models:
GOCO05s, EG1GOC5s, EGM2008, and EGTMO0818 as given in Table
(5.4). The computations were carried out using the GRAVSOFT program
GEOCOL.
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Table (5.4): Statistics of Residual Gravity Anomalies (6311 gravity
stations) (Max. degree. in brackets)

Mean Standard Minimum | Maximum | Range

models dev.

mGal mGal mGal mGal mGal

GOCOO05s (280) -1.233 | 11.131 | -77.885 66.881 | 144.766

EG1GOCS5s (280) | -1.603 | 9.241 -45.549 46.031 | 91.580

EGM2008 (2190) | -0.606 | 10.308 | -45.365 43.776 | 89.031

EGTMO0818 (2190) | -0.072 | 7.534 -46.188 46..431 | 92.619

From Table (5.4), both EG1GOC5s and EGTMO0818 tailored
geopotential models, give less, and better residual anomalies, reflecting the
homogenization of these models on a local gravity data in Egypt.

As a result, it is obvious that the standard deviation and the range of
the reduced gravity anomalies to EG1GOC5s compared with GOCOO05s
have been decreased by about 17% and 37%, respectively, while the
standard deviation of the reduced gravity anomalies to EGTMO0818
compared with EGM2008 have been dropped by about 27%. In addition,
the comparison between both tailored geopotential models reveals a better
accuracy for tailored geopotential model EGTMO0818, where the mean
value and the standard deviation of the reduced gravity anomalies to
EGTMO0818 have decreased by about 96% and 18%, respectively,
compared with EG1GOC5s.

5.3.2 Geoid Comparison

Comparisons, using the original and tailored geopotential models,
have been carried out in terms of geoid undulations or geoidal heights (N)
through the following formula cf. Eq. (3.20):

Ag—0.1119H
I\IModeI:C_'_ g 7

Where H is the elevation of the point above geoid obtained from

H (5.1)
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DTM2006.0 (cf. section 4.3.1), v is the mean normal gravity value above
ellipsoid , { and Ag corresponds to the height anomaly (quasi-geoid
heights) and free-air gravity anomaly relevant to the model that are
computed from Eq. (3.12) and Eg. (3.10), respectively, based on the
WGS84 normal gravity field parameters.

The spherical harmonic coefficients of both original geopotential
models (GOCO05s, EGM2008) and tailored geopotential
(EG1GOC5s, EGTM0818) have been used to create a 5'x5' geoid model for
Egypt, as shown in Table (5.5) and (5.6). The numerical computation for
Eq. (5.1) has been performed using both GRAVSOFT programs GEOCOL
and N2ZETA (cf. Fig. 4.19), where the GEOCOL to defined { and Ag,
while the program N2ZETA used to convert height anomaly to geoidal

models

heights.

Table (5.5): Statistics of The 5'x5' Geoid Model for Egypt Relevant to
Geopotential Model GOCOO05s and EG1GOC5s.

] Mean Standard dev. | Minimum | Maximum
Geoid model
m m m m
Ncocooss 14.648 3.469 4.047 23.674
Ngcicocss 14.613 3.511 4.673 24.709
Difference 0.035 1.103 -3.513 7.081

Table (5.6): Statistics of The 5'x5' Geoid Model for Egypt Relevant to
Geopotential Model EGM2008 and EGTMO0818.

) Mean Standard dev. | Minimum | Maximum
Geoid model
m m m m
Nzcuzo0s 14.648 3.495 4.065 24521
Ngermosis 14.458 3.475 3.963 24.716
Difference 0.190 0.982 -3.189 5.546

The difference between both Ngocooss and Negicocss geoid models as

well as Negmzoos @and Negtmosis are shown graphically in Fig. (5.12) and Fig.

(5.13), respectively.
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Figure (5.12): Difference between Ngocooss and Negicocss Geoid Model for
Egypt. Contour interval 0.5 m.
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Figure (513) Difference between NEecm200s and NecTmos1s Geoid Model for
Egypt. Contour interval 0.5 m.

27

24 25 26 28 3 3 35 38 a8

127



Chapter 5 Tailored Geopotential Models for Egypt

The common characteristics in Fig. (5.12) and Fig. (5.13) are well
demonstrated, in the two parts of the greater differences, in the southern

part of the Sinai Peninsula and plateau al-Gilf al-Kebir.

These differences are due to the high topography and lack of data in
these regions, which may have been affecting the computed mean free-air
anomalies used for determining the global geopotential models. This has
been confirmed before [cf. section 5.2, Fig. (5.3) and Fig. (5.9)].

5.3.3 GPS/levelling Comparison

The second evaluation of the tailored geopotential models is
performed using GPS/leveling stations at certain points, where the geoid
heights will be computed from the above geoid models (cf. Table 5.5 and
5.6) at these stations and compared against the geoid heights with respect to
the GPS/levelling techniques Eq. (4.7).

This comparison has been performed using the GRAVSOFT
program GEOIP (cf. Fig. 4.19) through following formula :

AN = N NModeI (52)

It is now clear that Ngpg, . and N, Must be given in a consistent tide

system (cf. section 4.8.1 and 4.8.5). Table (5.7) and Table (5.8) show that
the differences (AN) of geoid undulations using Eq. (5.2) between the

GPS/Level

GPS/levelling surveys projects (cf. section 4.6) and those computed using
GOCO05s, EG1GOC5s, EGM2008 and EGTMO0818 geoid models.
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Table (5.7): Differences between The Geoid Models (before and after

tailored) Ngocooss, Necicocss, Neamzo0s @Nd NegTmosis 10 Napsjievel. The
Results based on 9 GPS/levelling of ECAA Stations.

Differences Geoid Models
ECAA AN AN AN AN
Stations GOCO05s EG1GOC5s EGM2008 EGTMO0818
m m m m

G25 -1.594 -0.406 -1.423 -0.447
B4 -1.025 -1.843 -0.718 -1.619
27DA 0.168 0.493 0.150 0.794
20CA 0.427 -0.106 0.486 0.175
N7 1.093 0.553 1.043 0.770
2AR 1.028 0.814 1.441 1.067
15CA 0.664 0.175 0.769 0.437
79AX 1.662 0.849 1.376 0.994
69DB 1.415 1.114 1.443 1.261
RMS 1.118 0.868 1.082 0.942

Table (5.8): Differences between The Geoid Models (before and after

Tailored) Neocooss, Necicocss, Neamzoos @Nd Negrmosis 10 Nopsyiever: The
Results based on 17 GPS/levelling of HARN Stations.

HARN Stations Differences Geoid Models
Old NeW | ANgocooss | ANecicocss | ANeomaos | ANecTmosis
name name
m m m m
05 0z02 -1.281 -0.592 -1.268 -0.508
Ab 0z07 -0.671 -0.419 -0.660 -0.517
B19 0Zz08 -0.297 -1.068 -0.559 -0.958
B20 0Z09 -0.839 -1.756 -0.896 -1.350
M3 0Z10 -1.212 -1.781 -0.950 -1.492
115 0711 -0.122 0.292 0.071 0.493
0711 0z12 2.259 1.812 2.336 1.910
T2 0713 -0.287 -0.480 -0.351 -0.248
B1l1l 0Z14* -4.018 -2.437 -5.000 -2.402
0Z14 | OZ15* -6.414 -3.559 -4.972 -3.010
B10 0Z16 1.139 0.773 1.591 1.349
A6 0z17 -0.787 -0.792 -0.226 -0.288
0Z17 0Z18 0.982 0.328 0.592 0.541
E7 0719 1.407 0.797 1.180 0.894
D8 0Z20 1.607 1.169 1.758 1.269
X8 0z21 1.520 1.469 1.307 1.233
Z9 0z22 0.448 0.092 0.752 0.511
RMS 2.125 1.448 2.015 1.343
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From Table (5.7) and (5.8), the result shows that, in Egypt, the geoid

models Negicocss and Negtmosis provide the smallest differences compared

to the Ngocooss and Negmzoos ge0IdS.

Moreover, we can note that the large differences appear in stations
0Z14 and OZ15, because of these stations located on in high topography
regions, where station OZ14 Located on RAS-GHARIB and station OZ15
Located between the mountains and the hills of TABA. This result can be
confirmed in Fig. (5.12) and Fig. (5.13), where there is the large difference
at the Sinai Peninsula.

Table (5.9): show gives the statistics of the differences of geoid
heights at 24 GPS/levelling of ECAA and HARN stations, after neglected
stations OZ14 and OZ15 at 99% level of confidence.

Table (5.9): Statistics of The Differences at the 24 GPS/Levelling Stations of
ECAA and HARN project. [Neglected: Stations OZ14 and 0OZ15]

Mean | RMS | Minimum | Maximum | Range
m m m m m

ANgocooss | 0.3211.132| -1.594 2.259 3.853
ANEggicocss | 0.062 | 0.996 | -1.843 1.812 3.655
ANEggmoos | 0.385 | 1.116 | -1.423 2.336 3.759
ANggtmosis | 0.26110.996 | -1.619 1.910 3.529

Geoid model

Form Table (5.9), it can note that the differences are still having a large
offset, where the RMS nearly = 1.00 m for Negigocss and Negrmosis geoid
model. The reason for the large offset is mainly from the following:-
a) The defects in the vertical datum of Egypt, where the assumption
of zero-level, which is different from the global zero vertical
datum due to the sea-surface topography (cf. section 2.8.3).
b) The difference in semi-major axis of the ellipsoid used to derive

ellipsoidal heights from the GPS-derived Cartesian coordinates
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and that of the "ideal" mean-Earth ellipsoid with respect to which
our geoid undulations were computed.
In the following, we will describe how to remove this bias towards a

precise geoid model for Egypt.

5.3.4 Fitting Geoid Models to GPS/Levelling Data

The most popular and usually best fitting method to remove the bias
and tilt is considered to be the classic 4-parameter model, which was used
for determining gravimetric geoid models in several countries such as
Egypt (Nassar et al., 1993; Shaker et al., 1997a; Ghanem, 2001); Canada
(Sideris & She, 1995); Sweden (Nahavandchi & Sjoberg, 2001); Australia
(Fotopoulos et al., 2002); Great Britain (lliffe et al., 2003) and Argentina
(Pinon, 2016). The 4-parameter model is given by (lliffe et al., 2003):

g = AX cospcos A+AY cospsinl + AZ sing + RS + &' o™ (5.3)

Where the parameters AX, AY, and AZ corresponds to the datum shift
between the two datums (Change of origin ~ first-degree term), R is the

¢ grid

Earth radius, S is scale factor (~ Zero-degree term) and ¢ are the

residuals surface. The Cholesky decomposition (positive definite
symmetric linear equations) will be used to solve the 4-parameters (AX, AY,
AZ and S) in order to avoid the complexity of the matrix inversion and to
guarantee faster solutions.

The 4-parameter model and the weighted-mean interpolation method
were applied to determine the trend surface using a quadrant-based nearest

neighbours search technique around a prediction point see Fig. (5.14).

The weighted-mean can be simply expressed as follows (Forsberg &
Tscherning, 2008,p. 38):
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n N,
| 2
g oid _ N7 — il r (54)
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2

i1 I
Where N denotes the estimated geoid heights at a specified location that
results from the weighted sum of n adjacent geoid heights observations N;
and r is the distance between the interpolation and computation points. The

inverse distance (1/r) is the weighting functions.
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Figure (5.14): Quadrant-based Nearest Neighbours Search Technique.
Finally, the final fitted geoid is obtained by:

N" = Ny + ¢ (5.5)
The 4-parameter model and the weighted-mean method (trend surface) are

built into the GRAVSOFT program GEOGRID (cf. Fig. 4.19).

Finally, the geoids models are scaled/fitted using only 17
GPS/levelling stations derived geoid (Ngps/evel), While 9 GPS/levelling

stations were used for an external check see Figure (5.9).
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Figure (5.15): Distribution of The GPS Stations with Known Orthometric

Height Used for Fitting (Triangle) and Cheek (Square) points.

Table (5.10) shows the differences between the geoid heights derived from
17 GPS/levelling stations of HARN project and those derived from the
fitted geoid models after removing trend surface.

From Table (5.10), the results show that the internal precision of the
fitted geoids is very good, where the RMS of the differences £ 4 mm for
Negicocss and £ 3 mm for Negrmosis. This reflects that the 4-parameter
model and the weighted-mean method for modelling the residuals are very
well for fitting geoids to observed geoid heights derived from GPS and

levelling.
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Table (5.10): Differences between The Geoid Models and The 17
GPS/Levelling of HARN Stations after Removing Trend Surface.

HARN Stations

Differences Geoid Models after Fitting (Internal Accuracy)

Old New ANgocooss ANecicocss | ANecmzoos ANEGTMmO818
name name
m m m m
05 0Z02 -0.001 0.000 -0.001 0.000
A5 0Z07 0.001 0.002 0.002 0.001
B19 | OZ08 0.003 0.003 0.003 0.001
B20 | OZ09 0.003 0.001 0.003 0.001
M3 0710 -0.001 -0.002 0.000 -0.003
115 0711 -0.001 0.000 0.000 0.001
0Z11 | OZ12 0.003 0.003 0.004 0.003
T2 0Z13 0.000 -0.001 -0.001 0.000
Bll | OZ14* -0.013 -0.008 -0.019 -0.007
0Z14 | OZ15* -0.017 -0.011 -0.012 -0.007
B10 | OZ16 0.011 0.009 0.012 0.008
A6 0Z17 0.000 -0.001 0.002 -0.001
0Z17 | OZ18 0.001 0.001 0.000 0.000
E7 0719 0.003 0.002 0.002 0.001
D8 0Z20 0.001 0.001 0.002 0.001
X8 0Zz21 0.000 0.000 0.001 0.001
Z9 0Z22 -0.004 -0.004 -0.003 -0.002
RMS 0.006 0.004 0.006 0.003

In order to validate an external check of the quality of the fitted

geoid models, the 9 GPS/levelling stations were used Table (5.11), which

was not used for the geoid fitting in the previous section. In addition, the

EGM96 geopotential model (cf. Fig. 4.5), complete to degree and order

360, has also been used to compute geoid model for Egypt for comparison

purposes.
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Table (5.11): Differences between The Geoid Models and the 9
GPS/Levelling Stations of Check Points after Removing Trend Surface.

SECAA Differences Geoid Models after Fitting (External Accuracy)
ations
Stations |d ANGOCOOSS ANEGlGOCSs ANEGMZOOS ANEGTMO818 ANEGM96
m m m m m
G25 -0.466 0.170 -0.290 0.055 0.211
B4 0.233 -0.240 0.389 -0.264 -0.229
27DA 0.052 0.083 -0.106 0.224 0.122
20CA 0.051 -0.225 0.091 -0.185 0.034
N7 -0.102 -0.188 -0.059 -0.112 -0.085
2AR 0.155 0.213 0.130 -0.082 0.256
15CA 0.221 0.059 0.384 0.060 0.189
79AX 0.574 0.162 0.309 0.129 0.234
69DB -0.227 -0.110 -0.298 -0.045 -0.158
Mean 0.055 -0.008 0.061 -0.024 0.064
RMS 0.287 0.172 0.260 0.149 0.183
Range 1.040 0.453 0.687 0.488 0.485

The result of check points shows that the geoid models derived from
harmonic coefficients of both tailored geopotential models give almost the
same external geoid, where the RMS of the residuals £ 17 cm for Negicocss
and £ 15 cm for Negrmosis. The accuracy of both Negicocss and Negtmvosts
geoid models nearly the same as the reference model EGM96, where the
RMS * 18 cm for Negmos

In addition, the comparison between both Negicocss and Negtmosis
geoid models and geoid model Negwmos in terms of the mean differences
reveals a better accuracy for Nggicocss geoid model, where the mean
differences of check points with Negicocss have decreased by about 60%

and 87% compared with NegTmosis @and Negmes geoids, respectively.
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The results of Table (5.11) confirm that the Egyptian gravity data is
incorporated in the development of EGM96 geopotential model (cf. section
4.2.3) and the tailored geopotential models EG1GOC5s and EGTMO0818
(cf. section 5.2).

Table (5.12) shows the geoid models for Egypt relevant to the satellite-only
model GOCOQ05s, the high degree reference model EGM2008 and their
tailored versions after fitted to 17 GPS/levelling stations using the 4-
parameter model and the weighted-mean method trend surface.

Table (5.12): Statistics of The 5'x5' Fitted Geoid Models for Egypt.

Fitted Geoid model Mr(;an Standz:lTr]d dev. Minri;num Maxrinmum
Neocooss 14.409 4.237 0.959 25.076
Necicocss 14.344 4.016 1.777 24.437
Necm2008 14.498 4.258 1.339 25.219
NecTmos1s 14.362 1.134 -4.265 4.029

Finally, Fig. (5.16) and Fig. (5.18) show the geoid model for Egypt derived
from harmonic coefficients of both EG1GOC5s and EGTMO0818 tailored
geopotential models, respectively, while Fig. (5.17) and Fig. (5.19) show

their 3D fitted geoid model for both geoid models Negicocss and Negtmosis-
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Figure (5.16): Geoid Model for Egypt Derived from Tailored Geopotential
Model EG1GOCS5s (till degree and order 280) after Removing Trend Surface
Using The 4-parameter Model and The Weighted-Mean. Contour interval 1.0 m.

21

Figure (5.17): 3D - Fitted Geoid Model for Egypt Derived from Tailored
Geopotential Model EG1GOCS5s.

137



Chapter 5 Tailored Geopotential Models for Egypt

Latitude

AR N .'IAI 2 ,'
24 25 26 27 28 29 3 31 32 313 34 3B B 3 38

Figure (5.18): Geoid Model for Egypt Derived from Tailored Geopotential
Model EGTMO0818 (till degree and order 2190) after Removing Trend Surface
Using The 4-parameter Model and The Weighted-Mean. Contour interval 1.0 m.

}Lh

Figure (5.19): 3D - Fitted Geoid Model for Egypt Derived from Tailored
Geopotential Model EGTMO0818.
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The following flowchart Fig. (5.20) summarizes the main procedures
performed in the previous section for the generation of the fitted geoid
model.

Global Geopotential Models CTEEIT;&TEL;E?]’;&EM élellghm
(GGMs) ( 2006.0 model)

Harmonic Synth v02

| |
|

Height anomaly ({) and free-air gravity anomaly (Ag)
GEOCOL

}

Height anomaly () to geoidal heights (N)
N2ZETA

|

Fit geoid using GPS-levelling stations
GEOGRID

l

Final Fitted Local
Geoid

Figure (5.20): The Main Procedure of Geoid Modelling from Global
Geopotential Harmonic Models.
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5.4 High Precision Geoid Derived from Heterogeneous Data

The following geoid computation is done using gravity data and a
combination of gravity and astrogeodetic data for high precision geoid
determination of Egypt by using 3D Least-Squares Collocation (3D LSC),
where 3D LSC is the most commonly used method for the combination of
heterogeneous data. When using the 3D LSC for geoid determination, all
quantities must be related to points outside the masses (Molodensky
approach). Therefore, the quasi-geoid is to be evaluated at the surface of
the Earth and then the quasi-geoid converts to geoid (cf. section 3.3.1).

Thus, the general methodology for geoid determination by 3D LSC is as

follows (Tscherning, 2013), after a simple modification:-

a) Transform all data to a global geodetic datum (here, WGS84)

b) Make a homogeneous selection of the data to be used for geoid
determination

c) Use the remove-restore method, where to remove the effect of a
global Earth gravity field model (EGM) and remove the effect of the
topography from the data. This will produce what we will call
residual data.

d) Estimate the empirical covariance function for the residual data in
the region in question.

e) Determine an analytic representation of the empirical covariance
function.

f) Determine using 3D LSC a residual gravity field approximation, and
then compute estimates of the residual height and gravity anomalies
and their errors at the surface of the Earth. Check for gross-errors
(make a contour map of data); verify error estimates of residual

height anomalies.
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g) If the error is too large, and more data is available, add new data and
repeat step (f).
h) Restore again the effect of the EGM and of the topography step (c) in
terms of residual quantities.
1) Convert height anomalies to geoid heights.
J) The resulting geoid heights were scaled/fitted to GPS/levelling
points
k) An external check of geoid model, by comparison with data not used
to obtain the model.
The first step for geoid solutions is to be select the area (a grid) in which
the quasi-geoid is to be computed, where the quasi-geoid is to be evaluated
at the surface of the Earth, so the grid must be extracted from a Digital
Terrain Model (DTM). Here we will use the 5’ arc-minute of DTM2006.0
(Elevation for marine areas = 0) for the window of 21° < ¢ <33° and 24° <
A <38°.

5.4.1 Remove-restore procedure

The gravimetric or a combined geoid solution is done by the well-
known remove-restore technique (Forsberg, 1984). For example (remove
step), in the case of gravity anomalies (Ag), the residual gravity anomalies
(Agres), Which represent a smooth field, are computed by:

AQ;es = AQ — AQegy — AQgmy (5.6)
Where Ag..,, is the effect of the reference field (global Earth gravity field

model) on the gravity anomalies (long wavelength part), and Ag.,,, Is the

terrain correction using the Residual Terrain Model (RTM) (cf. equation
2.23), i.e. the deviations of the topography from a mean height surface,
which is a function of the mass (density) distribution of the topography
(short wavelength part).

141



Chapter 5 Tailored Geopotential Models for Egypt

Since the amount of the terrain correction is usually much less. Even
for mountains 3000 m in height, the terrain correction is only of the order
of 50 mGal (e.g., Heiskanen & Vening Meinesz, 1958, p. 154). Therefore,
in the following geoid solutions, we neglect the short wavelength part,
which is due to topography, for the following reasons:-

a) The RTM is depending on whether the topography of an area is

above or below the reference elevation surface (cf. section 2.4.4).

b) The topography of Egypt is not high except the Sinai Peninsula and

plateau al-Gilf al-Kebir (cf. Figure 4.6).

Hence, both tailored geopotential models were used to compute the short to
long wavelength part of the gravity anomalies in the remove-restore

procedure. Finally, Eq. (5.6) can be expressed by:
Agres = Ag - AgTaiIored EGM (57)

Thus, the reduced deflections of the vertical can be expressed by:

fres = 6 - C-'ZTaiIored EGM

(5.8)

Nres = M — Mrailored EGM
Note that: when deflections of the vertical are evaluated using a Global

Geopotential Model (GGM), they are computed as the spatial angles
between the gravity vector computed from GGM model and the normal
field gravity vector at the surface of the Earth (Tscherning, 2013). In
spherical approximation we obtain the deflections of the vertical from
GGM as (Torge, 2001, p. 258):

1 0T 1 oT
=== n=- o (5.9)
y-roQ y-¥C0SH OA

For the following geoid solutions only a subset of the terrestrial

gravity anomalies Table (4.9), is used. A set of 3587 terrestrial gravity
points were selected with a mean distance of 1 km using the GRAVSOFT

program SELECT (cf. Fig. 4.19). In addition, a set of 572 marine gravity
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points, 141 points meridian deflection of the vertical (¢) and 14 points

prime-vertical deflections (n) were added. Tables (5.13) and (5.14) show

the statistics for the reduction process (without RTM reductions) for gravity

anomalies (3587+572 = 4159 points) and the deflection components,

respectively. The computations were carried out using GRAVSOFT

program GEOCOL.

Table (5.13): Statistics of Residual Gravity Anomalies Using The Tailored
Geopotential Models EG1GOCS5s and EGTM0818.

Gravity anomalies Max Mean Stzgiérd Minimum | Maximum
NO. of points | 4159 Degreé. mGal mGal mGal mGal
Ag 0.415 16.110 -81.669 76.124
Ag - EG1GOC5s 280 -2.068 9.916 -45.549 46.031
Ag - EGTM0818 2190 -0.077 7.978 -42.857 40.881

Table (5.14): Statistics of Residual Deflection of The Vertical Using The
Tailored Geopotential Models EG1GOC5s and EGTMO0818.

Standard

Meridian deflection Mean Minimum | Maximum
(KSI) Max. dev.
Degree_ arcsec arcsec arcsec arcsec
€ (141) 1.981 4.926 -9.545 16.508
¢ - EG1GOC5s 280 -0.642 2.675 -8.677 6.724
£ - EGTM0818 2190 | -0.337 1.859 -5.129 4.946
Prime-vertical Mean Standard Minimum | Maximum
. MaX. deV.
deflection (Eta)
Degree_ arcsec arcsec arcsec arcsec
n (14) -0.679 5.443 -8.044 8.241
n - EG1GOCS5s 280 -1.464 3.165 -7.617 1.290
n - EGTMO0818 2190 | -1.458 2.929 -7.077 2.434

After the remove-step,

the residual height anomalies, as well as

residual gravity anomalies, are estimated at the surface of the Earth from

the residual gravity Table (5.13) or a combining between a residual gravity
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anomalies and deflections of the vertical Table (5.14). Then, the effects

removed are restored again as follows:

grid __ grid grid
C - C res+ C Tailored EGM

(5.10)
AGT = AG™ ot AG™ iored eou
Where ¢ oy and Ag ., are the contribution of the tailored
geopotential models computed using the GRAVSOFT program GEOCOL.
Finally, the conversion of height anomalies to geoid heights made by
GRAVSOFT program N2ZETA.

In the following, the estimation was done by using 3D LSC, where
residual terrestrial gravity anomalies are used to determine the parameters
of the covariance function. This covariance function is used to compute a
gravimetric geoid as well as a combination of astrogeodetic and

gravimetric geoid solution.

5.4.2 Covariance Function Estimation

The residual terrestrial gravity anomalies were used as input to the
GRAVSOFT program EMPCOV for empirical covariance function
estimation using Eq. (2.37). An optimum spherical distance (/) has been
considered to be 2.5 arc-minute for better correlation based on the spacing
of data. The empirical local covariance function then fitted to analytically
model using Eq. (3.58) through the GRAVSOFT program COVFIT.

In the calculations, we have used the error gravity anomaly degree-
variances oi'" (Express how much gravity anomaly power is left to a
certain degree after having subtracted the geopotential model) for maximal
degree 280 and 700 degree for GOCOO05s and EGMZ2008, respectively,
according to the maximal degree for empirical degree-variances, which

may be evaluated approximately using Eq. (2.42).
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The error degree-variances are computed by using Eqg. (2.35) and the
FORTRAN GRAVSOFT program degv.for. The output of the program
degv.for called GOCOO05s.edg and EGM2008.edg. In addition, the
covariance will be regarded as referring to the mean height, which for the
Egyptian gravity data is approximately 360 m using DTM2006.0 (land

only).

When using the GRAVSOFT program COVFIT, the three
covariance parameters o, A and Rg are given firstly approximate values
see EQg. (3.58), and then using an iteration non-linear adjustment to
determine the final parameters for covariance function (e.g., Knudsen,
1988). Table (5.15) shows the resulting in the final parameters, after fitting
the empirical covariance function to analytic Tscherning /Rapp (1974)
model and Fig. (5.21) shows the empirical and analytic fitted covariance

functions.

Table (5.15): The Fitted Covariance Function Parameters for The Egyptian
Terrestrial Gravity Anomalies minus Tailored Models (3587 points).

Residual gravity anomalies
Parameters Unit
EG1GOC5s | EGTM0818
Scale factor (o) 0.29 1.38 unitless
Radius of Bjerhammar-sphere (Rp) -0.760 -0.478 km
Variance of gravity at zero height (A) 84.91 51.07 mGal?
Maximal degree 280 700 unitless
Iteration No. 8 4 unitless

Now all tools available for using 3D LSC for geoid solutions; the

residual quantities, the covariance function, and the predictions surface
area. The rest is to establish the normal equations Eq. (3.52) and compute
predictions and error estimates, Eq. (3.53) and (3.56) without parameters
(X) i.e. the output of 3D LSC called absolute solution. This may be done
using GRAVSOFT program GEOCOL.
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a) Empirical and Analytic Fitted Covariance Function for the Egyptian Terrestrial gravity anomalies minus EG1GOC5s
Analytical Tscherning/Rapp Model - GOCO05s.edg N max = 280
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b) Empirical and Analytic Fitted Covariance Function for the Egyptian Terrestrial gravity anomalies minus EGTM0818
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Figure (5.21): Empirical and Analytic Fitted Covariance Function for
Egyptian Terrestrial Gravity Anomalies minus Tailored Geopotential
Models a) EG1GOCS5s and b) EGTMO0818.

From Fig. (5.21), it shows that the used fitting technique of the empirical

covariance function works best when using the tailored model EG1GOC5s.

5.4.3 Gravimetric Geoid Solution for Egypt

The gravimetric geoids are computed for Egypt using gravity data only.
This is obtained by after the following steps:-

a) Estimate, from reduced gravity anomalies to both EG1GOC5s and
EGTMO0818 tailored geopotential models Table (5.13), the residual
height anomalies as well as residual gravity anomalies at the surface
of the Earth and their errors. All gravity anomalies were assigned an
average standard error about 0.2 mGal with respect to the accuracy
given in Table (4.7).
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b)

d)

Restoring the removing effect of both tailored geopotential models to
the predicted residual height/gravity anomalies Eq. (5.10) using the
GRAVSOFT program FCOMP (cf. Fig. 4.19).

The conversion of height anomalies ({) to geoid heights (N) made by
using Eq. (3.20) through the GRAVSOFT module N2ZETA.

The generated gravimetric geoids for Egypt will be called Ngrav.a
and Ngrav.s according to use both EG1GOC5s and EGTMO0818
tailored geopotential models in remove-restore technique,
respectively.

Finally, the gravimetric geoids are scaled/fitted using only 17
GPS/levelling stations derived geoid Ngpsever, While 9 GPS/levelling
stations were used for an external check (cf. Figure 5.14). The 4-
parameter model and the weighted-mean interpolation approach have

been used to remove a trend surface (cf. section 5.3.4).

Table (5.16) shows the comparison between both Ngrav.a and Ngrav.s

gravimetric geoids and 17 GPS/ levelling Stations. Note that: in general

when the gravimetric geoid is compared to a surface constructed from GPS

and levelling, one will often note that the two surfaces disagree. Frequently

they are related to a height bias or tilt East and West see e.g. (Jiang &
Duguenne, 1996; Tscherning, 2002).
Table (5.16): Statistics of The Differences at The 17 GPS Stations Used for

The results lists of Table (5.16) are shown graphically in Fig. (5.22) and

The Geoid Fitting before Removing Trend Surface.

. Mean | RMS | Minimum | Maximum | Range
Geoid type
m m m m m
ANgrav-a |-0.311|1.354| -3.211 1.829 5.04
ANgrave |-0.154 |1.398 | -3.254 1.929 5.183

Fig. (5.23).
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Figure (5.22): Difference in Geoid Heights between The Gravimetric Geoid
Ncrav-a and The GPS/Levelling Geoid before Removing Trend Surface.
Contour interval = 30 cm.
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Figure (5.23): Difference in Geoid Heights between The Gravimetric Geoid
Ngrav-s and The GPS/Levelling Geoid before Removing Trend Surface.
Contour interval = 30 cm.
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The common characteristics in Fig. (5.22) and Fig. (5.23) are well
demonstrated, where the larger values found in the high East/West parts of
Egypt. In addition, the structure of both differences shows non-linear

character.

Therefore, these differences are modelled by a four parameter model
and the weighted-mean interpolation (cf. section 5.3.4), in order to fits the
gravimetric geoids to the vertical datum of Egypt. Table (5.17) shows the
statistics of the remaining differences after removing trend surface. This
represents an internal check of the quality of the gravimetric geoids. In
addition, Table (5.18) shows the statistics of the differences after removing
the trend surface at 9 GPS/levelling check points, which were not used for
the geoid fitting.

Table (5.17): Statistics of The Differences at The 17 GPS Stations Used for
The Geoid Fitting after Removing Trend Surface.

) Mean | RMS | Minimum | Maximum | Range
Geoid type
m m m m m
ANGRAV-A/Fit 0.000 | 0.004 | -0.008 0.009 0.017
ANGRrAV-B/Fit 0.000 | 0.004 | -0.008 0.009 0.017

Table (5.18): Statistics of The Differences at The 9 GPS Stations Used for

The External Checking Points after Removing Trend Surface.

) Mean | RMS | Minimum | Maximum | Range
Geoid type
m m m m m
ANGRAV-A/Fit -0.034|0.129| -0.191 0.173 0.363
ANGrav-B/Fit -0.042 | 0.152 | -0.276 0.217 0.493

Table (5.17) shows that the gravimetric geoids for Egypt have the
same trend as shown in Fig. (5.22) and Fig. (5.23). The internal precision
of the fitted gravimetric geoids is very good within RMS = + 4 mm. The
comparison between both gravimetric geoids reveals a better accuracy for

the gravimetric geoid Ngrav.a, Where the RMS and the range of the
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remaining differences have decreased by about 15% and 26%, respectively,

compared with the gravimetric geoid Ngrav-g as given in Table (5.18).
Finally, Table (5.19) and Table (5.20) shows the statistics of both
gravimetric geoids for Egypt. The associated error estimates of both
gravimetric geoids given by using Eq. (3.56).
Table (5.19): Statistics of Gravimetric Geoid Ngrav-a for Egypt.

) Mean | Standard dev. | Minimum | Maximum
Geoid type
m m m m
Ngrav-A 14.403 3.945 2.256 24.260
Error-estimates 0.100 0.024 0.011 0.126

Table (5.20): Statistics of Gravimetric Geoid Ngrav.g for Egypt.

) Mean | Standard dev. | Minimum | Maximum
Geoid type
m m m m
Ngrav-B 14.408 3.978 1.708 24.452
Error-estimates 0.099 0.020 0.022 0.118

In addition, the results listed in Table (5.19) and Table (5.20) is shown
graphically in Fig. (5.24) and (5.25), respectively. The error estimates of
both gravimetric geoids are too large in the area no coverage gravity data
see Fig. (5.26) and Fig. (5.27).
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Figure (5.25): Gravimetric Geoid Ngrav.g for Egypt. Contour interval 1.0 m.
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Figure (5.26): Error Estimates of Gravimetric Geoid Ngrav-a
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Figure (5.27): Error Estimates of Gravimetric Geoid Ngrav-s
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5.4.4 Combined Geoid Solution for Egypt

Now we combined of gravity anomalies Table (5.13) and
astrogeodetic data Table (5.14) using 3D LSC for toward high precision
geoid determination of Egypt (e.g., Kuhtreiber, 2002). The standard error
of the deflections components & and n were assumed 1.0 arcsec and 1.5
arcsec, respectively, with respect to astronomic and geodetic coordinates.
The outcome of these combinations called a combined geoid solution
Ncowme-a and Ncowss according to both EG1GOC5s and EGTMO0818
tailored geopotential models, respectively.

In order to find how the gravimetric fits the combined geoid
solution, Figure (5.28) and Figure (5.29) shows the absolute difference
between the two solutions.

From Fig. (5.28) and Fig. (5.29), the two geoid solutions are
identical within £5 cm and more than 70 % of the area the agreement is
better than £2 cm. The largest differences occur in the high East/West of
Egypt, middle of Egypt and at the components of the deflections of vertical.
These largest differences are mostly caused by transforming the geodetic
observations of the deflections of vertical from local to global reference
system WGS 84. In addition, the lack of deflections of vertical data and the
ratio number of deflections to a number of gravity data is very little.
Moreover, most of the astrogeodetic data are latitude components of the
deflections (Ksi) i.e. in a north-south direction, which further degrades the

accuracy of fitted geoids i.e. geoid may be badly distorted.
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Figure (5.28): Difference Gravimetric minus Combined Geoid
Solution Computed by Using Tailored Geopotential Model EG1GOCS5s in
Remove-Restore Technique. Contour interval 5 cm.
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Figure (5.29): Difference Gravimetric minus Combined Geoid

Solution Computed by Using Tailored Geopotential Model EGTMO0818 in

Remove-Restore Technique. Contour interval 5 cm.

156




Chapter 5 Tailored Geopotential Models for Egypt

Table (5.21) shows the external accuracy of all different combined geoid
solutions, after removing trend surface. We have also included a
comparison with a gravimetric solution.

Table (5.21): Differences between The Geoid Solutions Ngrav-a, Nerav-s,
Ncowme-a @nd Ncoms-g t0 Ngps/Level- Statistics based on 9 Checking Points.

Differences Geoid Solutions (External Accuracy)

ECAA Stations | ANgrav-a | ANgravs ANcowmg-a ANcowme-B

m m m m

G25 -0.095 -0.042 -0.098 -0.055
B4 -0.043 -0.276 -0.070 -0.253
27DA 0.170 0.217 0.143 0.213
20CA -0.121 -0.141 -0.162 -0.189
N7 -0.191 -0.082 -0.209 -0.086
2AR -0.058 -0.120 -0.068 -0.046
15CA 0.014 0.052 0.015 0.038
79AX 0.173 0.149 0.170 0.139
69DB -0.156 -0.134 -0.200 -0.143
Mean -0.034 -0.042 -0.053 -0.042
RMS 0.129 0.152 0.141 0.149
Range 0.364 0.493 0.379 0.466

From Table (5.21), the accuracy of both combined geoids is about
the same. In addition, there is no substantial difference in accuracy between
the gravimetric and combined geoid solution. Therefore, It can be
concluded that the best accuracy is reached for the gravimetric solution
using the EG1GOCS5s tailored geopotential model, where RMS of
differences £ 13 cm.

Finally, in Egyptian territory, so far no official precise geoid model for
Egypt that agrees with the Egyptian vertical datum, where it requires a
huge effort. Lately, many Egyptian institutes and government authorities
have begun cooperating to develop a precise geoid model for Egypt see
Dawod (2016) for details.
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6. CONCLUSIONS AND RECOMMENDATIONS

6.1 Summary

In this study, satellite-only model GOCOO05s versus ultra-high degree
reference geopotential model EGM2008 have been tailored to gravity data
in Egypt. An integral formulas technique using an iterative algorithm has
been used to estimate the harmonic coefficients of the tailored geopotential
model to improve the accuracy of the obtained harmonic coefficients and to
minimize the residual field.

The Egyptian 5'%5" mean free-air gravity anomalies, interpolated by
Least Squares Collocation (LSC), are used to estimate the harmonic
coefficients of the tailored geopotential model GOCOO05s denoted as
EG1GOC5s complete to degree and order 280. Also, the ultra-high degree
reference model EGM2008 was tailored to the maximum degree and order
360. In addition, the higher harmonic coefficients (from n = 361 to n =
2190) of the reference model EGM2008 have then been restored, for
increasing the resolution of the tailored model, yielding the EGTM0818
tailored geopotential model complete to degree and order 2190. The results
of tailor process show that both EG1GOC5s and EGTMO0818 tailored
geopotential models, give less, and better residual gravity anomalies than
the original models. This reflects that the homogenization of the tailored
geopotential models on a local gravity data in Egypt.

The gravimetric and combined geoids solutions for Egypt have been
computed using both tailored geopotential models in the remove-restore
technique through 3D Least Squares Collocation (3D LSC). The
gravimetric and combined solutions are based on gravity data and the
combination of gravity with astrogeodetic data, respectively. Furthermore,

another solution of geoid models for Egypt has been computed using the
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harmonic coefficients of both tailored geopotential models. All geoids
solutions have been fitted using only 17 GPS/levelling stations, while 9
GPS/levelling stations were used for an external check.

The results show that the best accuracy is reached when using the
tailored geopotential model EG1GOCS5s for the gravimetric solution, where
it improves the external geoid accuracy by about 15 % compared with the
tailored model EGTMO0818. In addition, the results of both combined
geoids solutions give the same external accuracy.

Finally, the geoid models derived from the spherical harmonic
coefficients of both tailored geopotential models give almost the same
accuracy, where the RMS of the residuals = 17 cm for Nggicocss and £ 15

cm for Negrmosis-

6.2 Conclusions and Major Findings

The major conclusions drawn from the analysis of numerical test results are

given below:-

6.2.1 Results of Tailored Models

In this research, satellite-only and high degree geopotential model
denoted as GOCOO05s and EGM2008, respectively, have been refined to fit
the Egyptian gravity field in order to determine the best fit for them that
would be considered as a reference model for geoid modeling in Egypt.
According to the obtained results of tailor process, the following

conclusions could be drawn;

a) The standard deviation of the reduced gravity anomalies to the
GOCOO05s satellite-only model compared with the EG1GOC5s
tailored geopotential model have been decreased from £11.131 mGal
to £ 9.241 mGal, respectively, by about 17%.
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b) The EGTMO0818 tailored geopotential model has been improved
significantly by about 27%, where the standard deviation of the
reduced gravity anomalies to reference geopotential model
EGM2008 compared with the EGTMO0818 model have been
decreased from £10.308 mGal to = 7.534 mGal, respectively.

c) The comparison between both tailored geopotential models reveals a
better accuracy for the EGTMO0818 model, where the mean value and
the standard deviation of the reduced gravity anomalies to
EGTMO0818 have decreased by about 96% and 18%, respectively,
compared with EG1GOCS5s (cf. Table 5.4).

Finally, from the previous analysis, the tailoring process is an efficient way
for taking new local gravity data into account when representing local

gravity fields if existing GGMSs do not appear to fit these data well.

6.2.2 Results of Geoid Models Derived from Tailored Models

The spherical harmonic coefficients of both EG1GOCS5s and
EGTMO0818 tailored geopotential models have been used to create geoid
models for Egypt. In addition, the reference model EGM96, complete to
degree and order 360, has also been used to compute geoid model for
comparison purposes. All geoid models have been fitted to the
GPS/levelling station derived geoid by removing a trend surface.
According to the obtained results of fitted geoid models, the following
conclusions could be drawn;

a) The internal precision of the fitted geoid models by removing a trend
surface (cf. Table 5.10), which is derived from the spherical
harmonic coefficients of both tailored geopotential models, is very

good (where the RMS £ 4 mm for Nggicocss and £ 3 mm for

N EGTM0818) '
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b) The comparison between GPS/levelling derived geoid and the fitted
geoid models give almost the same external accuracy, where the
RMS of the residuals + 17 cm for Negicocss, £ 15 ¢cm for Negtmosis
and £ 18 cm for Nggmoes (cf. Table 5.11).

c) The results of fitted geoid reflect that the Egyptian gravity data
incorporated in the development of the reference geopotential model
EGMO96 (cf. Fig. 4.5) and both tailored geopotential models.

6.2.3 Results of Gravimetric and Combined Geoid Solutions

Gravimetric and combined (gravity/astrogeodetic data) geoids for
Egypt have been computed using both tailored geopotential models in
remove-restore technique through 3D LSC. The gravimetric geoids are
called Ngrav.a and Ngrav.s Were computed by using both EG1GOCS5s and
EGTMO0818 tailored geopotential models, respectively. In addition, the
combined geoids solutions are called Ncoms.a and Ncowms.s Were computed
based on the combination of gravity and astrogeodetic data using both
EG1GOC5s and EGTMO0818 tailored geopotential models, respectively.
The gravimetric and combined geoids have been fitted to the GPS/levelling
derived geoid by removing a trend surface. The major achievements of

these solutions are (cf. Table 5.21):

a) The internal precision of the fitted both gravimetric geoids is very
good with RMS = £ 4 mm for differences (cf. Table 5.17).

b) The best accuracy is reached when using the EG1GOCS5s tailored
geopotential model for the gravimetric geoid Ngrav.a , Where the
RMS and the range of the differences are + 13 cm and 36 cm,

respectively.
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c) The comparison between GPS/levelling derived geoid and both
Ngrav.a and Ngrav.s gravimetric geoids reveal better results for
Ncrav-a , Where the RMS and the range of the differences have
decreased by about 15 % and 26 %, respectively (cf. Table 5.18).

d) The external check for both Ncows.a @and Ncoms.e cOmbined geoids
with GPS/levelling points is equal, where the RMS =~ £ 15 cm for
differences (cf. Table 5.18).

Finally, it was believed that the EGTMO0818 tailored geopotential model is
probably superior; in gravimetric and combined geoids solutions; because
of its fits better the Egyptian gravity field than the other tailored
geopotential model EG1GOCS5s (cf. section 6.2.1). This may be due to the
EGM2008 original model does not contain GOCE data (because it has been
developed earlier). Furthermore, the EGM2008 reference model is not
capable of the representing the high-frequency components of Earth’s
gravity field. In addition, the error gravity anomaly degree-variances for
lower degree portion of EGM2008 (n<180) are larger compare to the
satellite-only model GOCOO05s (cf. Fig. 2.10), which further degrades the

accuracy of covariance function (cf. Eqg. 3.58).

6.3 Recommendations

Based on the above-mentioned conclusions, the following
recommendations are suggested for future work:-

6.3.1 Gravity Measurements

a) It is recommended to check all datums of all currently available
gravity and astrogeodetic data, where this data set has been collected
by different organizations and it’s likely to be contaminated with

several types of errors e.g. datums errors (horizontal, vertical and

gravity).
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b) Additional gravity observations are recommended for high precision

geoid determination of Egypt, where the distributions of the

currently available gravity data are very poor and many areas are

empty (cf. Fig.4.12). For this reason, these are some of the ways to

fill in these gaps are:-

Airborne gravity surveys may suggest to greatly improving the
gravity coverage over Egypt, especially in mountainous areas
such as plateau al-Gilf al-Kebir and the Sinai Peninsula.

It is very important that the many Egyptian institutes and
government authorities cooperate, in order to facilitate the
release of any updated gravity field database, for the
encouragement of the geodetic research in Egypt as well as the
international organizations, companies, and universities.

The combination of the observations of three gravity field
mapping missions (CHAMP, GRACE, and GOCE) and

available gravity data for better gravity field modelling in

Egypt.

6.3.2 GPS /levelling Measurements

a) The number of the GPS/levelling stations should be significantly

b)

increased for determining a more accurate corrective surface for fitting
geoid models to the Egyptian vertical datum, where the distribution of
the GPS observations on levelling benchmarks in Egypt is very bad (cf.
Fig. 5.15). In addition, these measurements will also contribute to
improving the estimation of the accuracy of the future releases of
Egyptian geoid models.

Practical studies proved that the spacing of the GPS/levelling stations is
50-100 km for best fit geoid (Forsberg & Tscherning 2008, p. 22).

Therefore, it is recommended to do so.
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6.3.3

a)

b)

6.3.4

b)

Vertical Datum Redefinition

It is recommended to redefinition the Egyptian vertical datum by
using the recommendations of previous researchers e.g. Saad, A.
(1993) and Mohamed, H. F. (2005).

Furthermore, according to resolution 16 of the International
Association of Geodesy in 1983 (IAG, 1984) endorsed the use of the
zero-tide as the preferred tidal system. However, this endorsement
has not been adopted in Egypt till now, where the vertical datum of

Egypt is a mean- tide system.

Earth Gravity Field Models

If future versions of global geopotential models still suffer from the
absence of the local Egyptian data, the fitting (or tailoring) principle
involved in the current thesis could be carried out, using as much
released local data as possible.

Several methods of harmonic analysis techniques can be used to
estimate the potential coefficients. Hence, a comparison is proposed
between the Integral Formulas (Weber & Zomorrodian, 1988), Fast
Fourier Transform (Colombo, 1981; Abd-Elmotaal, 2004) and Fast
Spherical Collocation (Sanso & Tscherning, 2003) for choosing the
best analysis techniques that minimize the residual field.

It is suggested to minimize the residual field from spherical
harmonic analysis techniques, by computing the spherical harmonic

analysis to a higher degree.

d) All tailored geopotential models in this study, which are fitted to the

available Egyptian gravity data, are equally recommended as

reference fields for the development of high precision geoid for
Egypt.
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e) Based on the obtained result of the present research, it is
recommended to re-develop the reference geopotential model
EGM2008 using complete missions of GOCE data.

f) It is recommended to use the satellite-only models of the GOCO-S
series from the Gravity Observation Combination consortium
(GOCO, http://www.goco.eu/) for better modelling of the Egyptian
gravity field.
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